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Abstract

Cavity quantum electrodynamics (cavity QED) is the study of systems in which atoms interact
with the quantised electromagnetic modes of an optical cavity. We consider two new directions
in cavity QED: two-mode cavity QED and circuit QED.

In two-mode cavity QED, an atom with Zeeman structure in its ground and excited states
interacts with two orthogonal linear polarisation modes of an optical cavity, viaan F = 3 <
F' = 4 transition. We consider the full atomic level structure for this transition, including
the Zeeman energy shift, as well as the atom’s coupling to the two orthogonal modes of the
cavity. By approximating the driven mode of the cavity semiclassically, we are able to investigate
quantum beats: interference fringes in the second-order photon correlation function caused by
the Larmor precession of the atom in an applied magnetic field. We go on to simulate the strong
driving behaviour of this system, and find that the mean photon number in the non-driven
mode of the cavity begins to decrease beyond a certain threshold driving field strength. We
explain this behaviour qualitatively by way of an analogy to a simple model involving an atom
with just two relevant quantum states.

Circuit QED is an implementation of cavity QED in a superconducting circuit. We develop
the background physics of one particular circuit QED system, which consists of a transmission
line cavity coupled to a superconducting charge qubit. The type of qubit used in this system,
known as a transmon, behaves in many ways more similarly to an anharmonic oscillator than
a pure qubit. As an application of the model we develop, we investigate dispersive optical
bistability in the circuit QED system. We perform a semiclassical treatment of the system,
including a linearised stability analysis, which is indicative of bistability. We then carry out a full
quantum treatment, plotting Q-functions to visualise the bimodality of the cavity field. Monte
Carlo simulations based on a quantum trajectory unravelling of the master equation display
the expected “tunnelling” between metastable states due to quantum fluctuations, confirming

the presence of dispersive optical bistability in our model.
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1

Introduction

Cavity quantum electrodynamics (cavity QED) is the study of systems in which atoms interact
with the quantised electromagnetic modes of an optical cavity [1, 2].

In quantum electrodynamics in general, the electromagnetic field may be quantised by
considering a finite volume defined by conducting walls, where the field can be decomposed
into a discrete, though infinite, set of modes. The field is quantised in the usual way, by imposing
canonical commutation relations. Then, the mode volume is increased to infinity, and the
continuous spectrum of the field is recovered. If, however, the conducting walls of the mode
volume are retained in the form of a cavity, this imposes boundary conditions on the field, and
the spectrum of the cavity field remains discrete. It is this discrete field that an atom interacts
with in a cavity QED experiment. In its simplest form, cavity QED consists of a single atom
with just two relevant quantum states, coupled to a single mode of the electromagnetic field.

In this thesis we consider two new directions in cavity quantum electrodynamics. The first
is two-mode cavity QED, in which an atom with Zeeman structure in its ground and excited
states interacts with two orthogonal linear polarisation modes of an optical cavity. The inclusion
- in contrast to the prototypical form of cavity QED, which involves a two-level atom and a
single cavity mode - of the additional cavity mode and magnetic substructure of the atomic
energy levels gives rise to unique physics. The second new direction we investigate is circuit
quantum electrodynamics, which is an implementation of cavity QED in a superconducting
circuit. We consider a circuit QED system consisting of a transmission-line cavity coupled to
a superconducting charge qubit, and make connections with the physics of traditional cavity
QED.

This thesis is largely concerned with the modelling of open quantum systems [3]: systems
which interact with the surrounding environment. Therefore in chapter 2 we develop the
mathematical theory of open quantum systems, and derive the Lindblad master equation [4],
which is the most general form of a large class of Markovian quantum master equations. The
Lindblad master equation describes the non-unitary evolution of the density matrix which
characterises the state of the open quantum system, and is put to much use in the following
chapters. Additionally, we present an overview of quantum trajectory theory [5], which is an
alternative conceptual and computational tool for analysing the dynamics of an open quantum
system.

In chapter 3, we review the Jaynes-Cummings model [6], which describes the interaction
of a two-level atom with a single quantised mode of the electromagnetic field. We derive the

Jaynes-Cummings Hamiltonian for an isolated atom-cavity system; this Hamiltonian is readily



2 INTRODUCTION

generalised to take driving of the system into account. The Lindblad master equation is used to
describe the damping of the Jaynes-Cummings system which arises due to its interaction with
the surrounding environment. Our consideration of the Jaynes-Cummings model underlies
much of the following theory of cavity QED.

In chapter 4, we set out to model - using the Jaynes-Cummings model as a starting point —
a two-mode cavity quantum electrodynamics experiment carried out by L. A. Orozco’s group
at the University of Maryland [7]. This system comprises a single Rubidium-8s atom within an
optical cavity. Two optical cavity modes with orthogonal linear polarisations interact with the
atom via the atom’s 55,5, F = 3 <> 5P3,, F ! = 4 transition; one of the cavity modes is resonantly
driven by a periodic classical field. We consider the full atomic level structure for this transition,
including the Zeeman energy shift, as well as the atom’s coupling to the two orthogonal modes
of the cavity. Chapter 5 is devoted to results obtained from the two-mode cavity QED model
we have developed. We find that this system displays quantum beats [8]: interference fringes in
the second-order photon correlation function, caused by the Larmor precession of the atom
in an applied magnetic field. We find that we can approximate the driven mode of the cavity
semiclassically, and use this approximation to further investigate quantum beat effects, as well
as the strong driving behaviour of the system.

In chapter 6 we introduce circuit quantum electrodynamics [9]: a radical new implementa-
tion of cavity quantum electrodynamics, in a superconducting circuit. Circuit QED is of great
interest due to potential applications in the field of quantum information processing [10, 11].
Chapter 7 is devoted to the detailed development of the background physics of one particular
type of circuit QED system, starting from the basic principles of quantum mechanics and of
electrical circuit theory. The particular implementation of circuit QED we consider consists of a
one-dimensional transmission line cavity coupled to a superconducting charge qubit. This type
of system fits the experimental requirements to achieve strong coupling between the qubit and
the electromagnetic field, in which the rate of absorption or emission of a single photon by the
qubit is more rapid than any of the rates of loss [11, 12]. In recent years, dramatic measurements
showing the quantum mechanics of the Jaynes-Cummings model have been made in circuit
QED systems: measurements which would never have been possible with real atoms [13, 14].
The type of qubit used in the circuit QED system we investigate is known as a transmon [15],
and behaves in many ways more similarly to an anharmonic oscillator than a pure qubit. In
chapter 8, as an application of the theory we have developed, we investigate dispersive optical
bistability in our model of the circuit QED system.

Finally, a word on the subject of notation. Some aspects of the notation used in parts of
this thesis are inconsistent. For example, we often use circumflexes to denote Hilbert space
operators such as 4 or ¢_; Hamiltonians, however, will generally not possess circumflexes.
Where confusion is unlikely, we may omit the circumflexes altogether. Another example of
a notational change is the omission of the subscript on the density operator ps for an open
quantum system. Where a notational change might cause confusion, we will introduce it

explicitly.
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Open quantum systems

Sections 2.1 and 2.2 will largely follow the course and notation of Breuer and Pettruccione [1].
Other treatments are available in Kronenwett [2] and Carmichael [3]. Throughout this chapter

we will set A =1.

2.1 Closed and open quantum systems

2.1.1 The von Neumann equation

The Schrodinger equation for the time evolution of the state vector |y(t)) is

. d

i () =H(®)y(1)). (2.1)
The solution of the Schrédinger equation with initial condition |y(#y)) can be written

lw(6)) = U(t 1) [y (%)) » (2.2)

where U(t, to) is the unitary time evolution operator. The time evolution operator also satisfies

the Schrodinger equation:

)

1§U(t, to) = H(t)U(t, to), (2.3)
with initial condition

U(t(), t()) =1. (2.4)

The solution of (2.3) with initial condition (2.4) can be written as

U(t, ty) = Texp [—i /t: ds H(s)] , (2.5)

where the time ordering operator T orders products of time-dependent operators such that their
time arguments increase from right to left: “earlier operators operate earlier”. Obviously when
the Hamiltonian is time-independent the above solution reduces to U (¢, ty) = exp[-iH(t—tp)].

It may be the case that the system under consideration is driven by external forces. If,
however, the dynamics of the system can still be formulated solely in terms of a Hamiltonian

H(t) (which, as the notation suggests, may in general be time-dependent), the system is still
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considered to be closed. A system whose Hamiltonian is independent of time is called an
isolated system.

If the system under consideration is in a mixed state, we characterise it by way of the density
matrix p(t). As is well-known (and very easy to show), the equation of motion for the density

matrix is the von Neumann equation,

Sp(6) = =i [H(D).p(1)] (26)

The von Neumann equation can be written in a form analogous to the well-known classical

Liouville equation,

(0 =LDp(1), (27)

where the Liouville super-operator (or simply Liouvillian) is defined by writing

L(t)A = -i[H(t),A]. (2.8)

If we assume that at some inital time f( the state of the system is characterised by the density

matrix p(ty) we obtain, much as in (2.5), the formal solution

p(t) :Texp[/t:dsﬁ(s)]p(to). (2.9)

If the Hamiltonian is time-independent, then so is the Liouvillian, and we get

p(t) =exp[L(t—to)]p(to)- (2.10)

2.1.2 Composite quantum systems

Consider two quantum systems S4 and Sg with Hilbert spaces H 4 and H p respectively. The

state space of the combined system S = S4 + Sp is given by
H=Hs®Hp. (2.11)

If we take a fixed orthonormal basis {|w4,;)} for H4 and {|yp,;)} for Hp, a general state in H
can be written [¥) = ;5 &ij[ya,i) ® [yp,j). Thus, the elements |y4,;) ® |y,j) form a basis for
H.

If O 4 and Op are operators acting in H 4 and H  respectively, their tensor product is defined

by
(04 ® Op)(lyai) ®|yz,;)) = (Oalyai)) ® (O5lys,;)). (2.12)

The action of an operator on an arbitrary state is defined by a linear extension of the above

formula. Any operator O on A can be written O = Y., O 4 o ® Op_4; specifically, the observables
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of system Sy take the form O ® Ig, and the observables of S take the form I, ® Op. If one
is only interested in observables of the subsystem S4, say, one can make use of the reduced

density matrix defined by

paA = tl‘Bp s (2~13)

where trg denotes the partial trace over H g. The reduced density matrix p4 completely describes
the statistical properties of all observables belonging to S4, that is observables of the form

04 ® Ip; the expectation value of such an observable can be determined using the formula
(O) = tI‘A(OApA).

2.1.3 Open quantum systems

An open quantum system is a quantum system S (which we will frequently refer to as simply the
system) which is coupled to another quantum system E, called the environment. The combined
system S + E is usually assumed to be closed, with dynamics described by the von Neumann
equation. The dynamics of S however cannot, in general, be described in terms of unitary
time-evolution as those of a closed system can. This is because the state of S will evolve as a
consequence of both its internal dynamics and of its interaction with the environment, the
interaction giving rise to correlations between the system and the environment.

If we denote the Hilbert spaces of S and E respectively by Hg and Hg, then the Hilbert
space of the combined system S +E is given by H = H s ® Hg. The Hamiltonian of the combined

system will take on the form
H(t)ZHs®IE+Is®HE+H1(t), (2.14)

where Hg and Hp are the free Hamiltonians for the system and environment respectively, and
Hj(t) describes the interaction between the two. If the environment E has infinitely many
degrees of freedom, it is referred to as a reservoir. A reservoir in thermal equilibrium is a bath.

Sometimes a complete treatment of the dynamics of the combined system would be too
complex to be practical. For example, a reservoir or bath consisting of infinitely many degrees
of freedom has infinitely many equations of motion. Provided that all measurements of interest
will pertain to the system S rather than its environment, we can develop a simpler description
in the reduced state space Hs. Referring back to section 2.1.2, all observables of S take the form
As ® Ig, where Ag is an operator acting on Hs. If the state of the combined system S + E is
described by p, then the expectation values of all observables acting on Hg are determined

using
(As) = trs[Asps], (2.15)

where

ps =tre(p) (2.16)
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is referred to as the reduced density matrix of the open quantum system S; trg and trg denote
the partial traces over the system and environment respectively.

We see that the reduced density matrix pg(¢) is obtained from the density matrix p(t)
of the combined system S + E by taking the partial trace over the degrees of freedom of the
environment. Since the evolution of p(t) is determined by the von Neumann equation (2.6),

we can take the partial trace on both sides to obtain

< ps(1) = -iteg ([H (D), p()]). (217)

Similarly, as p(t) evolves unitarily, we have
ps(t) = tre{U(t, to)p(to)UT (£, 1)} . (2.18)

2.2 The Lindblad master equation

Here we will briefly outline the formal mathematics behind the Markovian quantum master
equation known as the Lindblad master equation, or simply the Lindblad equation. The details

are available in, for example, Breuer and Pettruccione [4], and references therein.

2.2.1 Quantum dynamical semigroups

An important property of a classical, homogeneous Markov process is the semigroup property
[5]. In the same way, a quantum Markov processes may be described by way of quantum
dynamical semigroups, which we will now introduce.

Suppose that the state of the combined system S + E at initial time ¢ = 0 can be expressed
as an uncorrelated product state p(0) = ps(0) ® pg, where pg is some reference state of the
environment. From (2.18), the transformation describing the evolution of the reduced system

from t = 0 to some t > 0 can be written

ps(0) > ps(t) = V(1)ps(0) = trp{U(t. t0)[ps(0) ® ps]U" (. t0)} (29)

If we take pg and the final time ¢ > 0 to be fixed, the above relation defines a map from the
space of density matrices of the reduced system, S(Hs), to itself: V() : S(Hs) - S(Hs).
The map V(t) is known as a dynamical map. It can be shown that the dynamical map V(¢)
can always be written entirely in terms of operators in Hg [4].

If we allow ¢ to vary, we get a one-parameter family of dynamical maps,
{v(t)[t=>0}, (2.20)

with V(0) the identity. This family of maps completely characterises the future time-evolution
of the open quantum system.
Provided that the time scales over which the correlation functions of the environment decay

are much smaller than the time scale of the system’s evolution, we can neglect memory effects in
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the dynamics of the reduced system: the dynamics of the reduced system will be Markovian. The

dynamical map corresponding to a time-homogeneous Markov process satisfies the semigroup

property,
V(tl)V(tz) = V(tl + tz) , H,t>0. (2.21)

A quantum dynamical semigroup is a continuous, one-parameter family of dynamical maps
satisfying the semigroup property (2.21). The physical conditions under which the dynamics of

the system can be assumed to Markovian will be examined later.

2.2.2 Generator of a quantum dynamical semigroup

Given a quantum dynamical semigroup there exists, subject to certain mathematical conditions
[6], a linear map L that is the infinitesimal generator of the semigroup. Thus, we can represent

the dynamical map in exponential form,
V(t) = exp(Lt), (2.22)

which yields the equation of motion

< ps(t) = £ps(0), (223)

known as the Markovian quantum master equation. The generator L is a super-operator — a
generalisation of the Liouvillian introduced in section 2.1.1. When confusion is unlikely, we
will refer to the generator £ as the Liouvillian as well.

If dim H; = N, the corresponding Liouville space' has dimension N 2 and we can define a
basis for the Liouville space, comprising orthonormal operators F;, j = 1,2,..., N%. The most

general form of the generator is given by

N2-1
Lps =—i[H,ps] + Z; Vi (AipsA;f - %AIA,-pS - %pSAIA,-) , (2.24)
im

where the so-called Lindblad operators Ay, are linear combinations of the basis functions F; of
the Liouville space. The master equation (2.23) corresponding to this generator is known as

the master equation in Lindblad form, or simply the Lindblad equation.
The form (2.24) for the generator is constructed in Breuer and Pettruccione [4], but the
actual proof that it is the most general form for the generator of a quantum dynamical semigroup,
in the case of a finite-dimensional Hilbert space, has been given by Gorini et al. [8]; a related

theorem was proved by Lindblad [9], for whom the equation is named.

"The generator £ is an operator on Liouville space. See Breuer and Pettruccione [7].
& P P



10 OPEN QUANTUM SYSTEMS

2.2.3 Time-dependent generator

If an open quantum system is subjected to an external time-dependent field, the generator may

also be time-dependent. An obvious time-dependent generalisation of (2.24) is

ps(0) = L(Dps ). @29

where £(t) is the generator of a quantum dynamical semigroup for each fixed t > 0. The

corresponding propagator is

t
V(t, ty) = Texp[/ dsﬁ(s)] . (2.26)

to
Compare this to (2.9). The time-dependent generalisation of the semigroup property (2.21) is
V(t,t1)V(ti, to) = V(t, to), (2.27)

which reduces to the semigroup property for fixed .

2.2.4 Microscopic derivation of the Lindblad master equation

Consider a quantum mechanical system S weakly coupled to a reservoir E. The combined

system’s Hamiltonian is of the form
H=Hs+ Hg+ Hj. (2.28)

The von Neumann equation in the interaction picture is

Sp(6) = =i[Hi(0),p(1)] (229)

where Hj(t) is the interaction part of Hamiltonian, transformed into the interaction picture.

Integrating, we obtain

p(1)=p(0) ~i [ ds [Hi(s),p(s)] (230)

Substituting the integral form of the von Neumann equation back into the differential form

(2.29) and tracing over the reservoir degrees of freedom gives

Sops(0) == [["dsue (0, [H(9).p 1)} (30

where we have assumed that

trg {[H1(1),p(0)]} = 0. (2.32)

In order to eliminate the density matrix p(t) of the combined system from the right-hand
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side of (2.31), we make an approximation known as the Born approximation. Provided the
coupling between the system and reservoir is weak, the influence of the system on the reservoir
will be small, and we can assume that the effect of the interaction on the reduced density matrix

pE of the reservoir is negligible. Thus, we can approximate the state of the combined system by

p(t) ~ ps(t) ® pE. (2.33)

This approximation does not mean that the open quantum system causes no excitations in
the reservoir: the Markov approximation, which we introduce below, deals with this issue.

Substituting (2.33) into (2.31), we get

%ps(t) = _AtdStrE{[HI(t)’[HI(S):PS(S) ®pell} - (2.34)

In (2.34), the time-evolution of the system state depends on all the past states of the system.
We now make the Markov approximation: the approximation that the time-evolution of the
state of the system at time t depends only on the present state pg(t), and not on all the past
states. The Markov approximation amounts to replacing pgs(s) in the integrand above with

ps(t). The resulting equation,

%Ps(f) = - _/OtdSUE {[H1(t), [Hi(t - s), ps(t) ® pe]l} (2.35)

is known as the Redfield equation [10]. Note that we have substituted ¢ — s for s above. The
Redfield equation is local in time: the future time-evolution does not depend on the history
of the system. However, it is not yet a Markovian master equation, since the time-evolution
does depend on the initial preparation of pg at time ¢ = 0. This dependence enters the Redfield
equation by way of the upper integration limit, and so it can be removed by letting the upper

limit of the integral go to infinity,

sty == [ dstry (Hi(0). [t - 9).ps() @ pe) (239

This approximation is justified provided that the integrand disappears sufficiently fast for
s > 1, where 7 is the reservoir correlation time. Thus we see that the relaxation time of
the system 7y, which defines the characteristic time-scale over which the system state varies
appreciably, must be large compared with 75 for the Markov approximation to apply.

The Markov approximation provides a description of the dynamics on a coarse-grained
time-scale, larger than the time-scale of the reservoir correlations. The underlying assumption
is that the reservoir excitations decay over times which are not resolved, justifying the Born
approximation we made earlier. Indeed, any dynamical behaviour on time-scales of the order
of magnitude of the reservoir correlation time 7 is not resolved by a Markovian quantum
master equation.

Before we continue with our derivation of the Lindblad master equation, we will make

an interesting digression. To this end we characterise the strength of the interaction between
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system and environment by a coupling strength «, writing
Hj - aHj. (2.37)

The Markov approximation simplifies the calculations substantially: equation (2.34), where only
the Born approximation has been made, is a rather complicated integro-differential equation,
and the Markov approximation removes much of the complexity. Despite this fact, to second
order in the coupling strength «, omitting the Markov approximation (and making only the
Born approximation) does not, in general, improve the accuracy of the calculation [11]. It is
interesting to note that both the Born and Markov approximations are only valid to second
order in the coupling strength.

The approximations made above in equations (2.33), (2.35) and (2.36) are known collectively
as the Born-Markov approximation. However in general they do not guarantee that the equation
of motion (2.36) defines the generator of a quantum dynamical semigroup [12, 13]. A further
approximation is necessary: a secular approximation in which one averages over those terms in
the master equation which oscillate rapidly. This approximation is known as the rotating-wave
approximation. Before this approximation can be made, though, some additional steps are
required.

In the Schrodinger picture, the interaction Hamiltonian can always be expanded in the

form [14]

Hy=) Aa(w)® By, (2.38)

oW

where B, are reservoir operators, and A,(w) are degenerate eigenoperators of the system

Hamiltonian Hg, such that

[Hs, Ag(w)] = ~w0Ay(w), (2.392)
[Hs, Al (w0)] = wAl (0). (2:39b)

Both ¥, Ay (w) and B, are Hermitian operators for all «. From these relations we find the

corresponding interaction picture operators:

eiHstAa(w)e_iHst _ e—itha(w) , (2.40a)

ST AT (w)e st = eI AT (). (2.40b)
The interaction Hamiltonian can now be written in the form

Hy(t) = Z eiia)tAoc(w) ® By (1)

a,w

= Z e Al (w) ® BL(1), (2.41)

a,w
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where

By(t) = e'fiE' B o7 1HE (2.42)
Note that the assumption (2.32) now becomes

tr{Bq(t)pe} = (Ba(1)) = 0, (2.43)

that is, we have in fact assumed the expectation values of B4(t) in the reservoir vanish.

Substituting the form (2.41) of the interaction Hamiltonian into (2.36), we obtain

%pg(t) = fooodstrE[HI(t—s)ps(t) ® peHi(t) — Hi(t)H(t —s)ps(t) ® pg] +h.c.

= 2 2T (0) [Ap(w)ps (DAL (') - AL (@) Ag(@)ps(t)] +huc.,

a0 B0
(2.44)
where
Tep(w) = fo ds el (BY(t)Bg(t-s)), (2.45)
with the reservoir correlation functions
(Bl(t)Bﬁ(t—s)) :trE[B];(t)Bﬁ(t—s)pE]. (2.46)

Supposing that pg is a stationary state of the reservoir Hamiltonian, [ Hg, pg| = 0, the reservoir

correlation functions are homogeneous in time,

(BL(t)Bp(t-s)) = (BL(s)Bg(0)), (2.47)

which means that the quantities I,g(w) do not depend on time.

In order for the Markov approximation to be justified, the time 75 over which the reservoir
correlation functions decay must, as we have already remarked, be much smaller than the system
relaxation time 7g. If we were dealing with a general environment consisting of a collection
of harmonic oscillator modes with a discrete frequency spectrum, the reservoir correlation
functions would be quasi-periodic in s [14]. Rapid decay of the reservoir correlations requires
a continuum of frequencies, which is in fact the case when we consider a reservoir, which has
infinitely many degrees of freedom.

We are now in a position to make the rotating-wave approximation we mentioned earlier.
The typical time-scale 75 on which the system S evolves is defined by a typical value of |’ - w| ™!,
where 0’ # w. If 7g > g, then the terms for which &’ # w oscillate very rapidly over the

typical time-scale on which the system state varies and can be neglected. Assuming that this
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condition is satisfied, we obtain

€ ps()= 3 Tap (@) [Ap(@)ps (DAL (@) - AL (@)Ag(@)ps(D)] +he.  (2.49)

w (x,ﬁ

We perform the decomposition

Tap(@) = 2 ap(©) + 8 (@), (2.49)

such that, for fixed w, the matrix formed by

Sap(w) = %[Fa/;(w) - I“Ea(w)] (2.50)

is Hermitian, and the matrix formed by

Vap(@) = Tap(@) + Tg, (@) (2.51)

is positive.” Seeing the indices a and 8 run over the same set, these definitions finally lead to

the interaction picture master equation

ps(0) = -i[His.ps(0] + 5 vas @) Ag(@)ps(1)AL @)

w o()ﬁ

_ %Afx(w)Aﬂ(w)ps(t) - %ps(t)A:rx(w)A[;(w)], (2.52)

where

His =252 Sap(0) AgAp() (2.53)
© B
is known as the Lamb shift Hamiltonian, because it results in a Lamb shift-type renormalisation
of the unperturbed energy levels, caused by the system-reservoir coupling.” From (2.40), it
is easy to show that the Lamb shift Hamiltonian commutes with the system Hamiltonian,
[Hs, Hrs] = 0.
Once the master equation (2.52) is transformed back into the Schrédinger picture, it can
be brought into Lindblad form - corresponding to the generator (2.24) — by diagonalising the
matrix y4g(w). The final form of the Lindblad equation is

d . 1 1
aps(f) = —i[Hg + Hys, ps(t)] + Z )’i[AiPS(t)A]; - EAIAiPS(t) - Eps(f)AJ,fAi] , (2.54)

where the index i runs over the various independent decay channels.

*For the proof that y,g(w) is positive, see Breuer and Pettruccione [14] and references therein.
*See Breuer and Pettruccione [15] for a treatment of this term.
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2.2.5 Jump operators

The master equation in Lindblad form, with generator given by (2.24), is also sometimes written

in a different form, which we obtain by scaling the Lindblad operators,

Ji = \/yiAi, (2.55)

so that the master equation becomes

d . R 4 L. 1 o »
3;Ps(1) = =i[Hs + His, ps(1)] + ) (JiPs(f)J,T ~ SJiips(t) - EPs(t)J,TJi) . (256)

1

The operators j; are sometimes called jump operators

2.3 The quantum regression formula

We now derive a useful formula which will allow us to evaluate, in a combined quantum system

S + E, two-time averages of the form
(O1(t)02(¢')05(1)) with ¢ —t>0, (2.57)

where the operators O; above act in Hg. Clearly such an average cannot be evaluated in the
Schrodinger picture, as Schrodinger picture operators are not general time dependent. We
must write the average as a trace in the Heisenberg picture, and then transform it back into the

Schrodinger picture. The average in the Heisenberg picture is given by*

(01(1)02(t)03(1)) = trs.x [ O (1) O (¢) O (1) |
- trg. g I:p(H)ethol(S)eiH(t’_t)OgS)e—iH(t’_t)O?()S)e—th] . (258)
where we have taken the Hamiltonian to be constant in time. The total trace trg. g is equivalent
to the partial traces over the system and environment separately: trg. g = trgtrg. Using the
cyclic property of the trace, this becomes
(01(1)02(1)05(1)) = trs. [OF e DO it M O 1)
= trg.g [Ogs)e_iH(t’_t)Ogs)p(s) (t)ol(s)eiH(t’—t)]

= trg {OztrE [e_iH(t/_t)O3p(t) OleiH(t,_t)]} , (2.59)

“Heisenberg picture operators are denoted by a superscript (H), and Schrédinger picture operators by a
superscript ().
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where in the last line we are now fully back in the Schrédinger picture. If we define the collapsed

density matrix®
p0,0,(7) = e_iHTOgs)p(S)Ol(s)eiHT with 7=t —t, (2.60)

the two-time average becomes

(Ol(t)Oz(t')O3(t)> = trs {O2trg [pos0,(7)]} - (2.61)
We also define
P0;0,,5(T) = tre [pos0,(7)] - (2.62)

We can now make the Born approximation (2.33) for the collapsed density matrix (2.60),

obtaining

P0,0,(0) = O3p(t)O1
= O3ps(t)01 ® pE
= trg [O3p(1)O1] ® p
= p0;0,,5(0) ® pE - (2.63)

We see that the Born approximation carries over into the collapsed system. Finally, the definition

of the collapsed density matrix implies that it satisfies the von Neumann equation,

d
apOSOl(T) =i [H’P0301(T):| . (2.64)

With the Born approximation and von Neumann equation applying to the collapsed system,
we have the starting point of the microscopic derivation of the Lindblad equation of section

(2.2.4), so clearly po,0,,s obeys the same equation of motion as pg,

d
a_posObS(T) = EPO301,S(T) . (2.65)

As we have noted, this equation has formal solution

p0s01,5(T) = €7p0,0,,5(0) = €57 [03p5(0) O1]. (2.66)
Thus, (2.61) simplifies to give

(01(£) Oz(t + 1) 05(1)) = trs { 026“[03ps (1) O1]} (2.67)

the quantum regression formula [16].

*To clarify our terminology: the collapsed density matrix is not itself a density matrix, unless O3 and O; are
Hermitian adjoints of one another.
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2.4 Quantum trajectory theory

Quantum trajectory theory provides an alternative conceptual and computational tool for
analysing the master equation for some system. This section presents an overview of quantum
trajectory theory, largely following Carmichael [17]. Further reading is available in Kronenwett
[2], Carmichael [3, 18].

Quantum trajectory theory has been introduced by other authors in different ways;® it is

part of the wider context of stochastic dynamics in Hilbert space [20].

2.4.1 Perturbation expansion for the density operator

The master equation describing the time-evolution of the system density operator p(t) (where,
for the remainder of this chapter, we drop the subscript on pg to simplify the notation) may be

written formally as in (2.23):
p(t) = Lp(t). (2.68)

In general, the Liouvillian £ can be written as the sum of an unperturbed part £, and a small

perturbation S, such that

Lo=L-S. (2.69)
The formal solution of (2.68) is therefore

p(t) = 5 p(0), (270)

provided that (Lo + S) is not explicitly time-dependent.” The first step towards obtaining a

perturbation expansion for p(t) is defining an auxiliary density operator p’(t), given by
! _ Lot
pi(t)=e ™ p(t). (2.71)

Taking the time derivative of (2.71), and substituting for £ using (2.69) and for p’(¢) using
(2.71), yields

5(1) = —e Bt Lop(t) + e EiLp (1)
= e Sp(1)

_ e—ﬁotseﬁotpl(t) , (2.72)

the equation of motion for p’(t).

We formally integrate the equation of motion (2.72), and substitute (2.72) into the result to

$See references in Carmichael [19].
"We consider only time-independent generators in this exposition of quantum trajectory theory.
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obtain

t
p() = /o) + [ ars (1)
t ! !
=p(0) + / dt’ LoD gl 5 (1) . (2.73)
0

Iterating this solution yields a Dyson series:
o ot tm t
p(t) = Zfo dt‘mf0 dtmfl---fo2dtle“’(f‘”ﬂ)Seﬁo(fm‘tmfﬂs~-5e‘°“p(0), (2.74)
m=0

with {¢,,} a monotonically increasing sequence. The integration kernel in (2.74) describes a

Lo(tm=tm-1) represent continuous

single quantum trajectory for the initial state p(0). The terms e
time-evolution in the intervals [#,,_1, ts ), while S represents discontinuous quantum jumps
(to be defined below) at the times {¢,, }. One can interpret (2.74) as a generalised sum over all
the possible “jump” pathways that the system might follow during its evolution from time t = 0
to time t. Specifically, (2.74) is a sum over all the possible numbers of jumps, m = 0,..., oo,
and an integration over all possible times of these jumps within the interval [0, ¢).

It may be the case that several distinguishable perturbations, each causing the system
to “jump” in a different fashion at different times, will need to be taken into account. If in
addition to the first perturbation S there is a second perturbation to Lo, say S’, each period
of free evolution in the time intervals [ ¢,,-1, t,;) (that is, between the jumps due to S) will be
interrupted by some number of jumps due to S’. As such, each free evolution term will need

to be replaced by a Dyson series much like that in (2.74):

tm—1

o0 tm tn t2
eEO(tm—tm—l) N Z / dtn t dtn—l"' dtleﬁo(t—tn)S/eﬁo(tn—tn—l)S/‘”Sleﬁotlp(o) .
n=0 m—1 m—1

(2.75)

Instead of substituting this Dyson series for every free evolution in (2.74), we redefine m as the
total number of quantum jumps due to all S;, i = 1,..., N, and sum over the N possibilities at

each jump, giving a general Dyson series

p(t) = i i Z Zf dtmf dtp_r - Otzdtl

folt=tn)g, pLoltn=tn-D)g, .S, e£Mp(0). (276)

The integration kernel of this Dyson series is a density operator, called the unnormalised

conditioned density operatot,

pe(t) = eﬁo(t—tm)SVm eﬁo(tm—tma)sv'n_l,,, SvleLOtlp(O) : (2.77a)
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the normalised conditioned density operator is given by

__pe(t)
)= ———~7> (2.77b)
P02 )
and describes the state of the system at time ¢ with an initial state p(0) conditioned on a
particular sequence of jump times in the interval [0, t).
Thus far, the quantum trajectory formalism has been developed in a general language, for
any choice of £y and S, so long as S can be considered to be a small perturbation. The next

section will be concerned more specifically with the unravelling of the master equation in
Lindblad form.

2.4.2 Unravelling the Lindblad master equation

The master equation in Lindblad form [9] is given formally by (2.68) with the Liouvillian £
given, as in (2.56), by

. g Ll 1
Lp=~i[H.p]+3 (Jipﬁ - Shidip - Epﬂﬁ) : (2.78)

The jump operators j; are determined by the particular system under consideration. The terms
~17;1p and =1 pj;j! in the Liouvillian describe the loss of population from the current states,
while the terms j;pj! describe the gain of population of the states toward which the system
propagates. As such, j;p ]j can be understood as the density matrix after the transition described
by ji; such transitions can be interpreted as “quantum jumps” in the state of the system [21].
This suggests an unravelling of the master equation in which the terms j; - ]:r are interpreted
as causing quantum jumps in the trajectories of the reduced density operator. The remaining
terms are interpreted as causing a modified coherent time-evolution.

As such, the master equation in Lindblad form is re-written
p(t) = (Lo+8)p(1), (279)

with

1
S lieeo]. (250)

1

Lop(t) = -i[H, p(t)]
where [, -], denotes the anti-commutator; and

s=28i, (2.81)

i

where

Sip(t) = jip(t)jl. (2.82)
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The unperturbed Liouvillian £ can also be written

Lop(t) =-i [Heffp(t) -p(t) Hfo] , (2.83)

where H,g is an effective, non-Hermitian Hamiltonian given by
1o
Heg=H- i 211‘]"’ (2.84)
i

The non-Hermitian Hamiltonian generates non-unitary time-evolution, described by the

non-unitary Schrodinger equation

i%|‘1’(t)) — Hog (1)) (2.85)
This relation only holds between quantum jumps. The dual correspondence

Hea ¥ (1)) <= (¥(1)| Hlg (2.86)
gives the equation of motion for the state bra

OO = (¥ Ol 8

Suppose that the density operator p(t) factorises as a pure state,

p(t) =¥ (1)) (¥ (). (2.88)

Differentiating this density operator and substituting in the equations of motion for the intervals

between jumps, (2.85) and (2.87), yields

S0 = hren | o [ L o]

= i [Hea W () ) (¥ (1) - [¥() )W (1)[Hg]
= Lop(t). (289)

This confirms that, provided the density operator factorises as a pure state, the non-Hermitian

Hamiltonian generates the non-unitary coherent time-evolution for that state.

2.4.3 Stochastic wavefunctions

Equations (2.77) define a quantum trajectory for a prescribed sequence of emission times.
However, the times of the quantum jumps - the emissions of photons into the reservoir —
are not deterministic. The time intervals between two consecutive jumps (¢, — t;;-1) in the
exponentials of (2.76) have to follow a quantum-mechanical randomness. Specifically, if the

conditioned density operator at time ¢, as defined in (2.77), is p.(t), then the probability for a
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jump due to S; to occur in the interval [t, t + At) is given by [22]

pe,i(t) =tr [Sipc(t)] At. (2.90)

Using the cyclicity of the trace, we obtain

tw[Sipe(t)] = e [Jipe(D)j!] = te [jljspe(1)] (21

it is clear that, in a quantum optical system where the jump operators j; represent photon
emissions, (2.90) is the product of the conditioned mean photon flux due to S; at time ¢t and
the time interval At. The probability to find at least one jump in the time interval [¢, ¢ + At)
due to any §; is given by

pe(t) =3 pei(t) = tr [Spe(t)] At, (2.92)

with S given by (2.81).
Often, the form of the various superoperators £, and S; allows the conditioned density

operator p.(t) to be factorised as a pure state, as in (2.88); as such, one can define

pe(t) =W () (¥ ()] (2.932)

and
pe(t) = Ve () (¥e(t)] (2.93b)

The particular unravelling of the Lindblad master equation presented in section 2.4.2 has the
property that if the conditioned density operator factorises as a pure state initially, then it does
so for all times [23, 24].

In the intervals between the quantum jumps, the motion of the unnormalised ket is gov-
erned by the non-unitary Schrodinger equation (2.85); as a result the propagation without

photon emission over a time At is given by
W (t+ At)) = e Het B\ (1)), (2.94)

where Hg is the non-Hermitian Hamiltonian given by (2.84). At the times of the quantum
jumps, the unnormalised ket evolves discontinuously. If a jump due to S; occurs at a time ¢,
then

[e(t)) — Jil¥e(1)). (2.95)

The probability for a jump due to S; to occur in the interval [¢, t + At) is

pei(t) = (‘I’C(t)|]jj, Ye(t))At. (2.96)
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2.4.4 Monte Carlo simulation

Clearly, using the quantum trajectory formalism as an analytic tool will, for all but the most
simple examples, be impractical or impossible (although this could also be said to be the case
for any other formalism). Monte Carlo simulations provide the most useful implementation of
quantum trajectory ideas. This section outlines a Monte Carlo algorithm for the generation
of stochastic quantum trajectories, based on the unravelling of the Lindblad master equation
developed thus far. The trajectories produced are statistically equivalent to the solution of the
master equation.®

In the Monto-Carlo simulation, time is discrete with a time-step A¢. Given the conditioned
state ket at time t,,, |¥;(t,)), the state ket at time t,,41 = t, + At is calculated using the following

algorithm:

1. Calculate the N probabilities p. ;(t,) (i = 1,..., N) for a quantum jump to occur in the

interval [t,, t, + At) using

pc,i(tn) = (\ch(tn) jjjl \I]c(tn»At’ (2.97)

as well as the total probability for any jump to occur,

pc(tn) = ch,i(tn)- (2.98)

2. Draw a uniformly distributed (pseudo)random number r,, from the interval [0,1), and

compare p.(t,) with r,,.

(a) If pc(tn) > 1, a jump occurs. Subdivide the unit interval into N sub-intervals
in proportion to the individual jump probabilities p. ;(t,), and draw a second
uniformly distributed random number 7}, from the interval [0,1). The random
number 7, will fall into one of the N sub-intervals. For the sub-interval i in which

r! falls, calculate [P (¢,41)) using
e (tns1)) = jilYe(tn)) - (2.99)
(b) If pc(tn) < 7y, no jump occurs. Calculate |¥,(¢,41)) using
[P (tn1)) = eiiHeffAt|‘Pc(tn)). (2.100)

3. Normalise the new state:

|\i’t:(tn+l)> )
\/(\PC(th)N’C(th))

®Refer to Carmichael [25, 26] and the references therein for a mathematical justification of the statistical
equivalence between the stochastic quantum trajectories produced by Monte Carlo simulation and the master
equation.

|We(tns1)) = (2.101)
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4. Goto1.

One final thing to note is that for the superoperator S in the Dyson series (2.76) to be a small

enough perturbation for this derivation - and this Monte Carlo algorithm - to apply, the

probability for a quantum jump to occur in a time interval At must be very small. This can

be ensured by choosing At small enough that each jump is separated by many time steps,

At <ty — tm-1, so that most of the time the system evolves coherently.
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3
The Jaynes-Cummings model

The Jaynes-Cummings model [1, 2] describes the interaction of a two-level atom with a single

quantised mode of the electromagnetic field.

3.1 The Jaynes-Cummings Hamiltonian

In the Coulomb gauge [3], where V- A = 0, the Hamiltonian for an atom (with electron positions
r; and momenta p;) coupled to a radiation field characterised by the vector and scalar potentials
A and @ is [, 5]

1 Z

2 Z:; [P’ + eA(r,-)]z +% ./V dro(r)®(r) + % ./V dr [60ET(1-)2 + yo_lﬁ(r)z] . (3.1)

H=

This is known as the minimal coupling form of the Hamiltonian. The quantity o (r) is the charge
density of the atomic system, and V' is the mode volume occupied by the field.

The complete Hamiltonian for a system described by the Jaynes-Cummings model consists
of parts describing the two-level atomic excitation, the radiation field, and the interaction

between the two:
HICM:HA+HF+Hg- (3-2)

We are going to use the minimal coupling form of the Hamiltonian to derive each of the three

parts of the Jaynes-Cummings Hamiltonian.

3.1.1 The Hamiltonian of the atom

The first term in (3.1) includes the kinetic energies of the electrons; the second term is the
electrostatic energy of the charges that constitute the atom, and does not involve any quantum
operators of the transverse radiation field. The electrostatic interaction combines with the
kinetic energy terms mentioned above to give the energy of the atom in the absence of its
coupling to the transverse part of the electromagnetic field. The Hamiltonian of the electrons
in the atom can, however, be simplified by considering a simple energy level structure, which
we will do below.

Consider an atom with 7 energy eigenstates |E, ) having energies E,,. The Hamiltonian for
such an atom would be written Hy = 3, E,, |E,,) (Ey|. However for the purposes of the Jaynes-

Cummings model, we make the two-level approximation: we consider only two non-degenerate

25
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energy levels satisfying
E,—Eg=hwa, (33)

where w, is the frequency of the atomic transition in question. All other energy levels are
ignored. This approximation is valid in the case where the frequency of the light with which the
atom interacts is close to w4, while being far from resonance with any other atomic transition,
and where the Zeeman substructure of the levels can be ignored.

For a two-level atom with ground state |¢) and excited state |e), the atomic Hamiltonian
can be expressed as H = E,|g) (g| + E.|e) (e|. If we take the zero of energy to be half way

between the energies of the ground and excited states, the atomic Hamiltonian becomes

Ha= "2 (o) (] - Ig) gl G4

Here we introduce the atomic raising and lowering operators

g+ =le)(gl, G-=1g) (el (3:5)
along with
0, =[6+,0-]. (3.6)

Thus, the Hamiltonian of the two-level atom becomes

1 .
Hy = EthO'Z. (3.7)

3.1.2 The Hamiltonian of the radiation field

As is well-known, the second-quantised form of the Hamiltonian for the full, multi-mode

radiation field is given by [6]
At s 1
Hrp=) > hwg (a;rdak,\+£) , (3.8)
k A

where 71y = db dx) is the occupation number of the field mode specified by the wavevector
k and the polarisation state A: A = 1 and A = 2 denote the two transverse polarisations. The
third term in the minimal coupling Hamiltonian (3.1) is the transverse field energy, which can
be shown to be identical with (3.8). The boundary conditions imposed by the presence of an
optical cavity determine what modes kA are supported.

The term Yy > 3hwy is due to the zero-point energy, and does not contribute to the energy
of the electromagnetic field as measured by way of photon detection. As such, we shift the zero
of energy in order to eliminate this term. This does not affect the equations of motion, as all
operators commute with a constant.

In the Jaynes-Cummings model, only a single cavity mode is to be considered; specifically,
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we neglect all modes from which the two-level atomic transition is far from resonance, leaving
only a single mode to which the atom couples. As such we drop the mode indices for simplicity

of notation. The resulting single-mode radiation field Hamiltonian is written
Hp = hwra'a. (3.9)

3.1.3 The interaction Hamiltonian

The first step in deriving the Hamiltonian for the interaction between the atom and the radiation
field is to perform an harmonic decomposition of the vector potential of the electromagnetic
field [6-8]:

. B\, -
A(r) = Zk: ; (2wk€0) [ (r) + 4l i (0] (3.10)

where, assuming the field is contained in a mode volume V/, the spatial mode functions uy, (r)

are given by

u (r) = V2 e fi(r) - (3.11)

Here ey, is the unit polarisation vector. In free space, fi(r) = exp(ik - r); in a cavity the mode
functions will depend on the particular geometry of the cavity considered.
The first term in (3.1) includes the kinetic energies of the electrons (which we have already

considered in section 3.1.1), as well as additional terms

2
e R R e L2
Hy=— p.-A(r;) +A(x;)-p; |+ — > A(r;), 12

=5 i[Pz (ri) (ri) P:] 2m; (r;) (3.12)

which represent the interaction between the atom and the radiation field. Terms in the inter-
. . . . . A2 . . .

action Hamiltonian involving A" refer to two-photon processes which make a contribution
much smaller than one-photon processes; thus, they can be neglected. The resulting interaction

Hamiltonian is

ho\:
I ( ) i [dawa(ri) + af ug, ()] . (3.13)
Y

The momentum operators p; can be expressed in terms of the corresponding position

operators ¥; using Heisenberg’s equation of motion,
. A m.,
p; = mti = o[£, Hal (3.14)

which yields the result that the matrix elements (g|p,|g) and (e|p,|e) are both identically zero.
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Furthermore we obtain the result that

(glBile) = —imwa (g[tile) , (3.152)
(elpilg) = imwa {e|tilg) - (3.15b)

We can now use these results, along with closure over the atomic ground and excited states, to

obtain
= 2 2 (la){alpya’) («])
a=g.ea’=g,e
= |g) (glBilg) (gl + le) (elp;le) (el + |g) (glp;le) (el + le) (e|p;]g) (g]
= —imwa((gltile) |g) (] - (e[tilg) e} (g])
mwy .
= eA(ldge,,-o_ 1dgel ), (3.16)
where we have defined dg.,; = —e (gli;le).

Substituting (3.16) in (3.13) yields

2
) (idge,,-&_ 1dgm ) [dk,luk,l(r,-)+dbub(ri)]. (3.17)

BB Y

ZhwkE()

Now, consider the case where the spatial variation of the vector potential A is slow compared
with the size of the atom. This is usually the case in quantum optical experiments, where the
wavelength of the electromagnetic field interacting with the atom is much larger than the size
of the atom itself. Under these conditions, one can expand fi(r) in uy, around the position
of the atom, which we denote R. Writing r = R + Jr, we obtain (for the case of the free space

mode functions; the argument is easily adapted to take into account general mode functions)

exp(ik - r) = exp(ik - R) exp(ik - or)

=exp(ik-R) [1 +ik - 0r — %(r or)? + ] . (3.18)

The dipole approximation amounts to keeping the only the leading term. It is clear that this
approximation is valid when the wavelength of the electromagnetic field is much larger than
the characteristic length scale of the atom, that is when 27/ [k| > |dr|. Making the dipole
approximation, we can evaluate the electromagnetic field at the position R of the atom rather
than the position r; of the electron. This allows us to re-write the interaction Hamiltonian

(3.17) as

1

2 2
Hi="h Z Z ( @a ) (idge(%_ - idgech) . [&klukA(R) + &bub(R)] , (3.19)
)

where we have defined the dipole matrix element dg, = 3°; dge,;.
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3.1.4 Rotating-wave approximation

We consider a near-resonant atom-cavity system with a Hamiltonian consisting of two parts,

H = Hy + Hj. The interaction part is given by (3.19), while the unperturbed Hamiltonian is
1, . i
Hy = EthgZ + Z Z hwydy, dxy - (3.20)
k A

We transform into the interaction picture, recalling that in this picture the time-dependence of

operators is given by the transformation
A(t) = exp(iHot/h) A exp(~iHot/h), (3.21)
where A is an arbitrary Schrodinger picture operator. From this we obtain,’

6_(t) = e At 6, () = 6,941, (3.22a)

dia (1) = dga (£)e ™, ap) (1) = af, (1)’ (3.22b)

Transforming the coupling Hamiltonian (3.19) into the interaction picture, we obtain

2 \3
wA . N A i
Hi(t)=h)>. Y (—2hw . ) [idge_ - g (R) e (<t et (3.23)
k A k€0
+idg.6_ -uiA(R)dbe_i(“’A_“’k)t (3.24)
—id}, 6. - u (R) d e (9! (3.25)
—id}, 6. - ufy (R)af ellearen)], (3.26)

There are two types of oscillatory terms present in the interaction picture Hamiltonian (3.23),
whose frequencies have magnitudes |w4 + w|. The interactions most effective in absorption
and emission of photons are those which occur near resonance, with w4 ~ wg. As such, for
those processes which make large contributions to the interaction, |ws — wi| < |wa + wk|.
The slowly oscillating terms with frequencies of magnitude |w4 — w| contain operator
combinations 4, dy) and 6_ ‘ﬁlt)t’ while the rapidly oscillating terms with frequencies of magni-
tude |w4 + wg| contain operators ¢, dlt/l and G_dy;. The latter processes are much less probable
than those corresponding to the former type; thus, we can neglect the rapidly oscillating terms,
making the rotating-wave approximation. The interaction Hamiltonian in the rotating-wave

approximation is denoted H 4, and is given by
Hy=hy Y (-idy, - uq (R)6, dig + idge - uyy (R)6-47,). (3.27)
k A

This Hamiltonian admits an intuitive physical explanation, wherein the atom absorbs a photon

from, or emits a photon into, the cavity.

"With the use of, for example, the Baker-Hausdorff lemma [9].
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If we now define

wA

2 2
dpe = —i| ———| di, - , .28
ge I(ZhwkeoV) ge (59 (32 )

as well as the dipole coupling constant
Ik = dgefk(R) d (3-29)

then the interaction Hamiltonian can be re-written
Hy = h;Z(gk,\(n&k,\ +gla6_&b). (3.30)
A

We may here absorb the complex phase of the dipole coupling constant into the cavity creation
and annihilation operators (while preserving commutation relations), to yield a real coupling

constant gy = |dge fic(R)|. This results in the Hamiltonian
Hy=hY.> gia(6sdip +6-4],). (3.31)
k A

We see that the dipole coupling constant depends on the position of the atom. In the Jaynes-
Cummings model we consider a stationary atom, so this dependence is not usually written out
explicitly, being of no importance. In more complicated cavity QED systems we may need to
take the dependence on position into account.

Considering only a single cavity mode, as we did in section 3.1.2, the interaction Hamiltonian

reduces to
Hy=hg(6.a+6-a"). (3.32)

We now combine the various Hamiltonians for the two-level atom, the single-mode radiation

field, and the interaction between the two, to obtain the Jaynes-Cummings Hamiltonian:

1 A AL A A
Hjcm = EthErz+ hwpa'a+ hg(6,a+6_4"). (3.33)

3.2 The Jaynes-Cummings ladder

In this section we diagonalise the Jaynes-Cummings Hamiltonian (3.33), closely following
Carmichael [10] and Whalen [11]. For simplicity we set A = I:

¥

H-= Eonz+wpa a+g(6,a+6.a"). (3.34)

The ground state of the system is |g, 0) = |g) ® |0), where the atom is in its ground state and

the cavity is empty. The ground state energy is —3w . In the rotating-wave approximation, the
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interaction couples the states in pairs:
1
Hlg, n) = (—Ewﬁnw)lg,n)+g\/ﬁle>n—1) (3.352)
1
Hle,n-1) = (EwA +(n- l)wp) le,n—1)+ g/n|g, n) . (3.35b)

In the two-dimensional subspace defined by

lg,n) = ((1)) , le,n=1)= ((1)) , (3.36)

the Hamiltonian can be written

Hi(%wA+(n—l)wp g/n ) '

(3.37)
g\/n —%wA +nwg

We want to find the energy eigenvalues, so we must solve H |E,,) = E, |E,,). If we define
1
An EE,,—(n—E)wF, (3.382)
and
Awyr = wp — wF, (3.38b)

then we obtain the equations

TAwap = Ay g/n
. |E,) =0. (3-39)
g/n —5Awar = Ay
From the above we derive a characteristic equation, which has solutions
A 2
Ap == % +g°n. (3.40)

Therefore the excited state energies are given by

1 Awap?
E::(}’l—z)a)pzt w:F +g°n. (3.41)
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The corresponding energy eigenstates, also known as the dressed states [12], are easily obtained.

The dressed states are:

1
1 AwAp2 2 Awar
|ES) = - T (T+g2n + 5 le,n—1)
\/E(—A“’f +g2n)4
1
Aw4p? : A
WAE +g?n| - WAF lg.n)|, (3.42a)
4 2
1
1 Awsp? : A
|E;,) = ( g ) - = en-1)

gn)|. (3.42b)

When the atom is resonant with the cavity (Awr = 0) the energy eigenvalues are

E,f:(n—%)wig\/ﬁ, (3.43)

where we have defined w = w4 = wp. The dressed states are given by

a1 _

’En>_\/§(|e’n 1) +|g.n)), (3.44a)
o1 o

|En>_\/§(|e?n 1) - g, n)) . (3.44b)

The eigenvalue spectrum of the Jaynes-Cummings Hamiltonian is referred to as the Jaynes-
Cummings ladder. The ladder of energy eigenvalues is depicted for the resonant case in Fig.

3.1.

3.3 Driving

The Jaynes-Cummings Hamiltonian (3.33) by itself is not usually sufficient to describe experi-
ments. It is useful to describe the case where the combined system of atom and cavity is driven

by a periodic classical field. The Hamiltonian for such a driven system can be written
H = Hy+ He(t), (3.45)

where Hj is the unperturbed Hamiltonian for the standard Jaynes-Cummings system, given
by (3.33), and Hg(t) is the Hamiltonian for the periodic interaction with the driving field [13].

The driving field may couple to either the cavity or the atom. In the former case the driving
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Uncoupled Coupled
— |n)

S S —— . ihg
3 — B :
o= ——— . 3ng
£ — )

R =
IS 1)

%D el ) T —— +h
a2 — 1y
= 0)

T
Atom Photons Dressed States

FIGURE 3.1: The Jaynes-Cummings ladder. Shown on the left are the energies of the uncoupled
states of the atom and the field modes. Shown on the right is the ladder of dressed states, which
describes a coupled atom-photon system with dipole coupling constant g. Each “rung” of the
ladder, except for the very lowest, comprises two dressed states.

Hamiltonian is given by

He(t) = hE (aTe 1 + gett) (3.46)
and in the latter case by

Hg(t) = hE ((3'+e7i“’” + 6_ei“’Lt) ) (3.47)

In both cases we have denoted the frequency of the driving laser by wy.

The above Hamiltonians for the interaction with the driving laser field are obtained by a
procedure which is broadly similar to that employed in section 3.1.3. If the laser frequency
wy, is near resonance with the atomic transition or cavity mode (whichever of the two the
laser couples to), then the interaction is well-approximated by a linear coupling similar to the
p - A-type coupling we considered above [4, 14]. Making the rotating-wave approximation then

leads to the interaction Hamiltonians (3.46) and (3.47).

3.4 The rotating frame

Let us consider the case of a driven Jaynes-Cummings system. Such a system is described by

the Hamiltonian

+

H=Hg(t)+§a)Aaz+wFa a+g(a+a+a,aT). (3.48)

Once again we have defined % = 1. It is desirable to remove the time-dependence involved

in the driving Hamiltonian, so we transform to the so-called rotating frame. This is like an
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interaction picture transformation, with an unperturbed Hamiltonian

Hy = w6, +wdta (3.49)
w = 50LOz+wLd d. 3.49

The resulting Hamiltonian, transformed into the rotating frame, is
1 N At A A oA A At
H:Hg-f-zAwAO’z-i-Ade a+g(6,a+a-a"), (3.50)

where Awy = wys — wp and Awrp = wp — wr. In the rotating frame, the now time-independent

driving Hamiltonian Hg is given by

He =£(a" +a), (3.51)
in the case where the driving field couples to the cavity, or

He=E(6,+6.), (3.52)

in the case where the driving field couples directly to the atom.

3.5 Master equation for the Jaynes-Cummings system

Consider a Jaynes-Cummings system described by the driven Hamiltonian (3.48). We want
to describe the coupling of this system to a reservoir; in order to use the Lindblad equation
(2.54), we must define the decay channels by which the system couples to the reservoir, and

investigate the effect of the Lamb shift Hamiltonian (2.53).

3.5.1 Damping of the cavity field

We consider a system S comprising a collection of uncoupled harmonic oscillators, each
representing a single cavity mode. This system will have a Hamiltonian of the same form as

(3.8), but for our purposes here it will be useful to write the Hamiltonian in the form
Hs =) hw;ala;, (3.53)
i

where we have referred the energy of each oscillator to its ground state. The index i runs over
all modes supported by the cavity, including those degenerate in energy fiw;. The reservoir,
too, is modelled as a collection of harmonic oscillators, so its Hamiltonian is written in the

same form,

Hg = Zhw]‘f’;f‘j. (3.54)
J
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Just as with the interaction between the driving field and the cavity, we assume a linear coupling

between the cavity and reservoir fields. The interaction Hamiltonian, in the form (2.38), is
Hy=hy Y (ai+af) (kijtj + &55]) (3.55)
L
where «;; characterises the strength of the interaction. In the interaction picture this becomes

H](i’) = Flz [eiiw"téli +eiwitﬁ” Bi(f), (3.56)

where B;(t) = ¥;[xi;tj(t) + Kl”]r;(t)] We assume that each eigenoperator d, couples to its

own group of reservoir modes, statistically independent from the reservoir modes that all other
dg (with a # ) couple to. This assumption means that x, jK'E j is non-zero only when « = B,a
condition we will make use of later.

The master equation (2.52) is immediately adapted to the case of the interaction (3.56),

giving

d 1 _T. U S 1 AF A
S3ps(0) = o s, ps(]+ X yig [ s (0)d - S akages(e) - ps(1)dlis |
i op

+ %;)’Zﬂ [ﬁ};PS(f)ﬁa - %ﬁaﬁ};f’s(t) - %Ps(t)ﬁad)}] » (3:57)
where
Hps = h Zﬁ (Sapalag + Sipaadt) (3.58)
with

o , 1 .
r;ﬁzfo dsemastrE[B;(t)Bﬁ(t—s)pE]:zyf;ﬂﬂsjﬁ. (3-59)

Note that the coefficient I“;ﬁ is only non-zero when the modes denoted by « and j3 are degenerate
in frequency (wq = wp), by the rotating wave approximation.

The correlation functions in l"ofﬁ are homogeneous in time, so we obtain

oo
+ A A —i(w;itwq A A —i(wijtwy
p = ZZ/(; ds I:Kajkﬂjr(r’jrjr)e l(wJ w )SJ,_KajKEjr(T’jr}-,)e l(wJ wq)s
jJ

ot

+ Ko kg j?jf)el(wf;w“)s + K;jkl’éj,(f’;f Pt )e‘(“’f;“"")s] ) (3.60)

J’

If we assume that the reference state of the environment pg is the vacuum,?

pe =10) (0] , (3.61)

*This approximation is reasonable, since at optical frequencies iw; > kT, and thermal excitations of the
reservoir can be neglected [15].
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then of the four expectation values in (3.60) above, the only non-zero one is
(#i#1) = 8. (3.62)
Thus, we obtain

Ty = Z Kajkpj fo ds exp[-i(wj + wq)s]. (3.63)
J

Using the assumption of statistical independence discussed earlier, with the result that x; K; ;i #

0 only when « = f3, we can insert a delta function into the relation above, obtaining
F;ﬁ = ap 2 KajK;j /0 ds exp[-i(w;j + wq)s]. (3.64)
J

As the modes of the reservoir, in this case the electromagnetic field, form a continuum, we go

over into the continuum limit,

F;/s = 8ap /0 dw'g(w')xa(w')xg(w') /0 ds exp[-i(w" + wq)s], (3.65)

where we have introduced the density of states g(w’): there are g(w’)dw oscillators with

frequencies in the interval (', " + dw"). Using the relation

/OO ds exp(—ies) = nd(e) — iPl, (3.66)
0 €

where P denotes the Cauchy principal value, we obtain

Top = Oup ['/Ooo do’ g(@")ka(0)kj (w0 )d (0" + w4)

—iPfooodw’g(w’)zca(w’)xg(w’)—] . (3.67)

w +w

Simplifying, we obtain

2 ° . 8(w) ke
r;/s :‘Saﬁ ng(wa) [Ka(wa )] +iP/ dw - (3.682)
0 Wy — W
and
Lo [ 8(0) [ka(w)
Iy = OagilP [ do o (3.68b)

Thus, we obtain a master equation in the interaction picture

d 1 . I 1 ot A
Eps(t) = [His,ps(t)] + Zi:yi [aips(f)alT - Ea:-raips(f) - EPs(f)a,Tai] , (3.69)
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with a Lamb shift Hamiltonian

His=hY S;(ala; +a;al), (3.70)
where
yi = 2mg(w;) [ki(wi)|* (3.71)
and
Si=P /oo do’ g(w") |K,~(w')‘2[ ! + ! ] . (3.72)
0 wi—-w  wi+o

In the case of an atom coupled to an external electromagnetic field, the Lamb shift Hamiltonian
leads to a renormalisation of the system Hamiltonian Hg which is induced by the vacuum
fluctuations of the radiation field (the Lamb shift) and by thermally induced processes (the
Stark shift). In the present context of a cavity coupled to a reservoir, the Lamb shift Hamiltonian
leads to an analogous renormalisation of the unperturbed energy levels of the cavity. As can
be seen from the expression for S; above, the contribution from Hjg is formally infinite, and
must be renormalised according to the renormalisation procedure from relativistic quantum
electrodynamics [16]. We are not going to do this here. Fortunately for us, the contribution
from the Lamb shift Hamiltonian is typically very small, and can be neglected (or at least
absorbed into the definition of some transition frequency). We will neglect such contributions

throughout this thesis.

3.5.2 Damping of the two-level atom

We now turn to a two-level atom with Hamiltonian

1 A
Hg = Ethmo, , (3.73)

coupled to a reservoir via the same type of coupling as in (3.19). If we follow the steps of the
last section - the only real difference being that instead of summing over reservoir oscillators,
we sum over polarisation states and integrate over wave-vectors — we obtain a master equation

in the interaction picture for the decay of this two-level system

d . . 1. . 1 A A
ps(0) =y | dps(05, - S66ps(0) - Sps(n)dn | (3.74)

where we have neglected the Lamb shift and Stark shift contributions discussed above, and

y=21y [ kg ek )P 8(wx - wa), 675
A
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where

2

K, 1) = —ielkR _ wA 2 evs . .
x(k,1) = —ie (2hwkeoL3 dg, - e (3.76)

The plane waves that fit into a box of side length L, with periodic boundary conditions, have

wave numbers k = 27(ny, ny, n;)/L. Thus, the mode density g(k) used above is given by

g(k) = (%)3 , (3.77)

From this we obtain

g(k) &k = ( ) 2 5in 0dkd0dg

3

871 5 sin 0dw;dfd¢, (3.78)

and thus
8ﬂ2h60c3 Z/// wid(wg — wa) |dge ekﬂ sin 0dw;dOd¢ . (3.79)

With the help of the relations [17, 18]

kik;
Z exrierrj = 0ij— —> > 1,j=12,3, (3.80)
) IN
and
kik;\ 8
in 0d0d¢ [ 8;i — —2 | = ==6;;, 8
ff sin ¢( ij |k|2) 3 i (3.81)
we obtain
. 2 87w 2
dy, - e :?\dge| : (3.82)

Thus we obtain the spontaneous emission rate,

wa’ |dge‘2

. .8
3mheyc3 (3.83)

y:

3.5.3 The damped Jaynes-Cummings model

For the case of a single-mode cavity, there is loss through both mirrors, and thus the cavity

mode couples to two reservoir modes. From (3.69) we obtain (neglecting the Lamb shift term)

d R P S, 1 At a
S5ps() = (ra + yaa) [ dps(0)d" - JaTaps(e) - Sps(n)dTal (384)
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It is convenient to define the cavity mode damping rate,

Yal + Ya2

5 (3.85)

K

We now consider a system consisting of a two-level atom coupled to a single-mode cavity,
which couples to the surrounding environment, and may in general be driven by a periodic
classical field.

We have two decay channels: loss of light through the cavity mirrors, and spontaneous
emission from the atom into modes other than that of the cavity. The dissipation terms
corresponding to these decay channels are those we have already described, relating to the
two-level atom (3.74) and to the cavity mode (3.84) respectively. Adding these gives the master
equation in the interaction picture for the undriven Jaynes-Cummings system.

Transforming to the Schrédinger picture, and appending a term to the Hamiltonian to take

into account the classical driving field, as in (3.48), we obtain the complete master equation

1 1 1
S s(t) = o [Hs.ps(0)] + 2x [ aps(1)d" = Sataps(n) - Sps(n)ata]
. .1, 1 .
+y [a,ps(t)(f+ - Ema,ps(t) - zps(t)mfh] , (3.86)
with
1
Hg = He(t) + S @0z + wrd'a+g(6.a+6.4"). (3.87)

If we transform into the rotating frame (section 3.4) rather than into the Schrédinger picture,

we obtain for the system Hamiltonian

+

Hg =Hg+£AwAaz+Awpa a+g(a+a+(f_aT). (3.88)

The driving Hamiltonians Hg () and Hg are as given in section 3.3 and 3.4.

We introduce the notation

pATA (3-89)
for the Lindblad damping superoperator D (also sometimes called the dissipator). Using this
notation, we write (3.86) in the form

 ps(1) = - [Hs, ps(1)] + DIV2xalps (1) + DLy7o- Ips ). (3.90)
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4
Two-mode cavity QED I: theory

Starting from the Jaynes-Cummings model, we set out to model a two-mode cavity quantum
electrodynamics experiment carried out by L. A. Orozco’s group at the University of Maryland,
College Park [1-3]. This chapter considers a model originally developed by Kronenwett [4],
and developed further by Viveros [5] and Whalen [6].

4.1 Schematic experimental set-up

The system we consider comprises a single Rubidium-85 atom within an optical cavity. Two op-
tical cavity modes with orthogonal linear polarisations interact with the atom via the 55,5, F =
3« 5P, F ' = 4 transition (the D,-line of %Rb). An external magnetic field defines a quanti-
sation axis, perpendicular to the axis of the cavity, such that one cavity mode couples the F = 3
atomic ground state to the F’ = 4 excited state via Amp = 0 transitions. This mode is driven
by a coherent laser field. The other cavity mode, having orthogonal polarisation to the driven
mode, couples the atomic states via Amp = +1 transitions.

Light escaping from the system by way of spontaneous emission from the atom leaks out
the side of the cavity without necessarily being detected. Light leaking out through one of
the cavity mirrors, on the other hand, is passed through a polarising beam splitter, such that
the output from each cavity mode might be detected separately. In this experiment, we are
interested in measurements pertaining to the non-driven mode in particular. A schematic

diagram of the experimental setup is shown in Fig. 4.1.

4.2 Photon correlation measurements

In the following chapter we will calculate second-order photon correlation functions for the
non-driven mode of the two-mode cavity QED system. Therefore we review some of the

background of these correlation measurements.

4.2.1 The classical second-order intensity correlation function

In order to quantitatively investigate temporal fluctuations in the intensity I(t) of a classical
light beam, as originally measured in the Hanbury Brown-Twiss experiment [7], it is useful to

introduce the second-order intesity correlation function,

{(I(D)I(t+7))
(I() (1(t+ 1))

¢@(1) = (4.1)

41



42 TWO-MODE CAVITY QED I: THEORY

DETECTOR 2

LASER o Z DETECTOR 1
ATOM

PBS

FIGURE 4.1: Schematic set-up of the two-mode cavity QED experiment, as described in section
4.1. The abbreviation ‘PBS’ refers to a polarising beam splitter.

Here the symbols (---) denote an average with respect to ¢, computed by integrating over a long
time period. Let us consider light with a constant mean intensity, such that (I(¢)) = (I(t + 7)).

We can write the intensity of such light as the sum of its mean and a fluctuation,
I(t) = (I) + AI(t), (4.2)

with (AI(t)) = 0. The second-order intensity correlation function therefore takes on the form,

(AI(t)AI(t+ 7))

@) T)=1+ 4.
g 7(7) e (4.3)
It is clear that g(2)(0) satisfies the inequality
1(t)? AI(t)?
¢@(0) = _< ) “1+ —< ) >1 (4.4)

(1(1))* (1y”

Furthermore, it can be shown that g(?)(7) has a global maximum at 7 = 0 [8].
The time-scale of the intensity correlations is characterised by the coherence time 7, of the

source. For 7 > 7, fluctuations at times ¢ and ¢ + 7 will be completely uncorrelated, giving
(AI(t)AI(t+17))r, = 0. (4.5)

Therefore, for light with constant mean intensity, and for sufficiently large 7, we have

g(z)(1>> Tc):1+ (AI(t)AI(t+T)>T>>TC =1. (4.6)

(n*

A limiting case of note is that of perfectly coherent, monochromatic light with a constant

intensity Iy. For such light, it is trivial to see that
, 2
gP(r) =% -1, (4.7)

for all 7, because Iy = I(t) = I(t + 7) is a constant.
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4.2.2 The second-order photon correlation function

For quantum light, comprising a stream of photons, the number of counts registered on a photon-
counting detector is is proportional to the intensity, so the second-order photon correlation

function is given by
Ga(Dh(t+1):)  (af(nal(t+)ax(t+1)a(t))

@ (7 - _ , ,
) = ) (i D)~ (a(0)an(0) (a (e + )t + 7)) (4

where 71;(t) = 4! (¢)d;(t) is the occupation number of the light impinging on detector i = 1,2
at time ¢. The reason we must now explicitly distinguish between the two detectors is that
once a photon has been detected by one detector it cannot be detected by the other. In the
classical case, we can split a beam in two and send half to each detector, but we cannot split a
photon in two; each photon goes to one detector or the other, and hence the detectors must be
distinguished. Note that the two detectors i = 1, 2 here do not necessarily correspond to the
two detectors in Fig. 4.1; they can refer to measurements made on the same mode or on two
different modes as the case may be. In the case of the photon correlation function, (---) denotes
a quantum-mechanical expectation value, obtained by taking the trace of the product of the
operator in question and the density operator of the light beam.

The symbols: --- : denote normal ordering, where all photon annihilation operators are writ-
ten to the right of the creation operators in the expansion of the photon occupation operators.
This is a consequence of the photoelectric detection process, which relies on the absorption of
light, or the annihilation of photons [9].

The second-order photon correlation function is positive,

§P() 20, (4.9)

but it does not in general satisfy either of the classical inequalities g(*(0) > 1 or g®(0) >
g(z) (7) [10]. It is possible to classify light according to the properties of the second-order
photon correlation function; one such classification is whether the light satisfies the classical
inequalities above, or whether it is “non-classical”. Classifying light in this way leads to a rich
and interesting field of study, but it is not the subject of this thesis, so we will not consider it

here, instead referring the interested reader to other literature [4, 6, 11, 12].

4.3 Extensions of the Jaynes-Cummings model

4.3.1 Two-mode cavity

In section 3.5.1 we derived a master equation, and in 3.5.3 we specialised to the case of a single-
mode cavity. Here, we consider a cavity which supports two modes of the electromagnetic field,

degenerate in energy and orthogonal in polarisation. The Hamiltonian for the cavity field is

Hr = hwpa'a + hopb'h. (4.10)
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From (3.69), the interaction picture master equation describing the loss for such a cavity is

p=(Ya+vya2)Dlalp + (ym + )’bz)D[?’]P) (4.12)

where we have written p in place of pg(¢) in the interests of simplifying our notation.
Light is lost through the cavity mirrors at rates y,; and y;; (i = 1,2) for the two orthogonal

cavity modes. These rates are equal, that is to say y,; = y;. Thus, (4.11) may be re-written
p =2k (D[d]p + D[b]p) , (4.12)
where

K=

YaitYa2 _ Vb1 + Vb2

3 3 (4.13)

4.3.2 Selection rules

The minimal coupling Hamiltonian (3.1) can be transformed under a unitary transformation
into an alternative form which results in the same physical predictions [13]. The resulting
interaction Hamiltonian in its complete form is known as the Power-Zienau-Woolley, or
multipolar, Hamiltonian, and contains terms which take into account electric and magnetic
potential energy, as well as nonlinear terms [14, 15]. The electric potential energy Hamiltonian

has the form

H:f drP(r) - Er(r), (4.14)
14

where the atomic polarisation is given by [13]
1
P(r) = —¢ Y r; /0 dC8(r - i) (415)

this integral form of the polarisation is obtained by solving the usual relation o(r) = -V - P(r)
[16], where a(r) = Zed(r) — e Y; 6(r — r;) is the atomic charge density. Keeping only the
dominant dipole interaction term in the multipole expansion of (4.14) is equivalent to the
dipole approximation of section 3.1.3, and results in the well-known electric dipole interaction

Hamiltonian,
Hgp = -d-Er(R), (4.16)
where

d=-eD=-¢ Zr,- . (4.17)
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We remind ourselves that R is the position of the atom. The transverse electric field operator is

given by

A hwg\?
Er(r)=i) )’ (%) [drau (1) — 4w ()] - (4.18)
k A 0

In first-order time-dependent perturbation theory, Fermi’s golden rule states that the
probability per unit time for a transition from an initial state |¢;) with energy E; to a final state

|¢> f> with energy E, due to a perturbation V, is

2
Py = (05l VIg 8CEs - B, (419)

where this expression is integrated over a continuum of states [ dEs p(Ey), with density of
final states p(E). Assuming that the interaction between the atom and the electromagnetic
field provides only a small contribution to the total Hamiltonian, Fermi’s golden rule can be
applied. In this case, it is clear that the electric dipole interaction Hamiltonian (4.16) induces

no transition between states |¢;) and ’(/) f) if the matrix element

My = (¢|Hep|¢:) (4.20)

vanishes. Transitions for which this matrix element vanishes are termed forbidden in the electric
dipole interaction, but may occur due to another interaction (the magnetic dipole or electric
quadrupole interactions, for example). Investigation of the matrix element (4.20) therefore
yields the selection rules for electric-dipole transitions.

Now we must evaluate the matrix element M. We find, considering only a single mode ki

of the transverse electric field,

i = (¢ -d- Er(R)[g)

h l
( ‘ ) D [ (R) - af,ugy (R)]|¢ )
h A % A
:ie(zg‘;‘g) [{9/]D exa f(R) ) - ®iaLle)] @
If we define
|$i) = [yi) [nri) »  and |¢f> = Wf) ‘”kl,f) ; (4.22)
we obtain

hon 2 1 e
Mg =ie (2wkl)2 [{vs[Dlvi) - e fic(R) {m1cn, || macn, )
€0V

- (V’f‘ﬁ“//i> “e fi (R) (”ka,f|ﬁb‘nka,i)] . (4.23)



46 TWO-MODE CAVITY QED I: THEORY

Note that (”k)t,f‘&k)k‘”k/l,i) is non-zero only when ny; s = nyy,; — 1, and <”k/1,f‘dlt,1|”k)t,i> is
non-zero only when ny, s = ni; + 1.

Energy conservation requires that
Ef-E;~0. (4.24)

The change of energy of the atom must be approximately equal and opposite to that of the field
(a mismatch on the order of the atomic linewidth being allowed). If the energies of the atom in

its initial and final states are E4 ; and E, y respectively, we get

Eaf—Eai~—(ma,f—ma,i)hoy. (4.25)

From (4.23), we see that the matrix element Mg is proportional to the atomic dipole matrix

element

Dy = (Wf‘r)h/’i) ] (4.26)
and we find the transition probability per unit time
e ¢ .
—hwig [Dgi - e fiu(R) (mien, | di | mien, i) —

4mhcey V
D - e f (R) (nien

Pi—>f = 471'2

il lmai )" p(Ep). (4:27)

We see that in fact the quantity of interest is D, because when Ds; = 0, Py, =0 and the
corresponding transition is forbidden.

In the case of a single-electron (hydrogenic) atom, we have

Dy = 15 = (ylr|yi) , (4.28)

where r is the position of the electron. The hydrogenic atom is a pretty good approximation to
atoms with a single valence (“optical”) electron, if we neglect perturbations due to screening
[17, 18], and the results gained from looking at hydrogenic atoms are readily generalised to
many-electron atoms [19].

The Wigner-Eckart theorem [20] states that the matrix elements of a spherical tensor operator
Tq(k) (of rank k with 2k + 1 components {q}) with respect to angular momentum eigenstates

satisty

(o, | T e, )

V2j+1

a, ]) is independent of m and m’, and of q.

(k)
Tq

(4.29)

<06/,j,, m' i, k;j’, ml)

oc,j,m>:(j,k;m,q

where the double-bar matrix element (o, j'| T ’
The quantity (j, k; m, q|j, k; j/, m') is a Clebsch-Gordan coefficient for adding j and k to get ;.

Using the Wigner-Eckart theorem, we can evaluate the matrix element rj via its spherical
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vector components. Each of these components is obtained by finding the components of r in
the direction of a polarisation vector, denoted e [21]. Let ey, e, and e, be unit vectors in the

directions of the x-, y- and z-axes. For linear polarisation in the z-direction, e = e,, and

1
e.r:ez-r:z:rCOSG:r(%)zYIO(G,(/)). (4.30)

For circularly polarised photons in the x y-plane, which possess +1 unit of angular momentum

about the z-axis, the polarisation vectors are e = (e = ie, ) /\/2, giving

1 1
er=——(e;xie,) - r=—

V2 V2

Thus, we denote the spherical vector components of r,

(x=iy) = =r(F) ¥(6.0). (431
ro=z and ry= %(x £iy). (4.32)

A spherical vector such as r is a spherical tensor of rank one. Thus in the case of the position

operator r, we have k = 1in (4.29). Hence the Wigner-Eckart theorem gives us

(o, j'l[x]lo )

s l;j,,m’> ﬁ» (4.33)

with g = 0, £1 corresponding to the three spherical vector components of r. Referring back

(oc',j', m'|rq &, j, m) = (j, Lm,q

to (4.27), we see that the allowed transitions are those with non-vanishing Clebsch-Gordan
coefficients (j,1;m, q|j,1; j', m"). The known properties (recursion relations) of the Clebsch-
Gordan coeflicients [22, 23] yield the well-known selection rules for fine structure [21, 24]. The

selection rules for fine structure are:

Aj=0,+l, (4.342)
Am =0, +1 (4.34b)

are allowed transitions, but

j=0«j =0 (4.34¢)
m=0<«+m' =0 if Aj=0 (4.34d)

are forbidden transitions.

If we include the spin of the atomic nucleus, F and mp are good quantum numbers, and
the angular momentum eigenstates are labelled |a, F, mg). Following the same procedure as
we did for the selection rules for the fine structure, the Clebsch-Gordan coefficient which leads

to the hyperfine structure selection rules is (F, 1; mp, g|F,1; F', m};). The resulting selection
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-3 -2 -1 0 1
FIGURE 4.2: Atomic level structure and allowed electric dipole transitions foran F =3 to F' = 4
transition. The relative transition strengths are determined by appropriate Clebsch-Gordan

coefficients. The driven cavity mode interacts with the atom via Amp = 0 transitions (red lines),
and the non-driven mode via Ampg = +1 transitions (blue lines).

2 3

rules for hyperfine structure are:

AF =0, +1 (4.352)
Amp =0, +1 (4.35b)

are allowed, but

F=0F =0 (4.35¢)
mp=0<mp=0 if AF=0 (4.35d)

are forbidden. The allowed transitions for an F = 3 to F’ = 4 transition are shown in Fig. 4.2.

4.3.3 Two-level atom with magnetic substructure

We now consider the Hamiltonian for a two-level atom with magnetic substructure. We assume
a quantisation axis such that the driven mode a couples the atomic ground and excited states
via Amp = 0 () transitions, and the non-driven mode b (which, like g, is linearly polarised)
couples the states via Amp = +1 (04 + o) transitions. Such a quantisation axis may be imposed
by, for example, a weak magnetic field with negligible Zeeman effect. Stronger magnetic fields,
for which the energy level splitting due to the Zeeman effect will need to be taken into account,
will be considered later.

The maximum dipole coupling strength of the atomic F to F’ transition is denoted by g.
To take into account the additional cavity mode and the more complicated level structure, the
Jaynes-Cummings interaction Hamiltonian (3.32) for the two-level atom coupled to a single-
mode cavity will need to be modified based on the selection rules derived in section 4.3.2. The

dipole coupling part of the Hamiltonian now takes the form

ar. e IS L WS I AW
Hy=hg($ha+ 0&*)+hg[(%)b+(%)b*]. (4.36)

The modified atomic raising and lowering operators 3¢ ., (the so-called atomic dipole transition

operators) have expansions in terms of atomic states and Clebsch-Gordan coefficients. In
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particular, the atomic lowering operators are given by*

q|F, L', mg) |F, mg) (F',mp + q| . (4.37)

F
Z (F L,mp,q
We see that the matrix elements of the dipole operator are equal to the Clebsch-Gordan coeffi-
cients for adding spin 1 to spin F to reach total spin F’. Such coefficients can be evaluated by way
of several known formulae; many such formulae are provided by Edmonds [23]. The Clebsch-
Gordan coeflicients are closely related to Wigner’s 3- j symbol, and can also be evaluated in this
fashion. Several computer algebra packages, such as Sage [25], implement Clebsch-Gordan
coeflicient calculators.
In the cavity QED experiment we are modelling, the atomic transition is an F = 3 to F’ =

transition. In this case the atomic lowering operators are given by:

. 3 15 5
=l e o3y S e e 2oy /2 6.0y e,
+\/Ey D (e,0[+1/ = |g,2) (e, 1]+ 1/ = |g,3) (e,2] (4.382)
4 & > 28 &> > 28 g 2|5 4.3

1 3 15 4
N O Ry L A Ry L T PRy !
1 1
A Z ety 22 e/ Henes), (4:38b)

. 1 3 3 5
= o 18 )_2 o ’_2 )_1 _ )_1 > - &> )1
/e 2o 22t e e o2 o e
15 3
B ket le 2 o3 +lg 3 el (4380

The raising operators can of course be found by taking the Hermitian adjoint of the lowering

operators.

4.3.4 The Zeeman energy shift

We now consider stronger magnetic fields, for which the energy level splitting due to the
Zeeman effect needs to be taken into account. The Zeeman shift manifests itself as a detuning
of the atomic energy levels within the ground and excited manifolds. Our task is to evaluate, to
first order, the magnitude of this detuning, so that it can be included phenomenologically in
the atomic Hamiltonian.

The interaction between the electrons in the atom and the nuclear spin I gives rise to the

"This expression can be obtained by making an expansion of the r operator in terms of matrix elements in the
Hilbert space spanned by {|F, mr)}, along the lines of the expansion we made in section 3.1.3 for the two-state
atom.
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hyperfine structure. The hyperfine interaction Hamiltonian has the form [26]

Hyps = AL-J, (4.39)

where J = L + S is the resultant of the total orbital and spin momenta of the electrons, and A
is the hyperfine structure constant. The interaction energy of the magnetic moment u of the
atom with an applied magnetic field B is given by Hpag = —p - B. The total atomic magnetic
moment is the sum of the electronic and nuclear moments [27],
B N
p= —gI%] + gl%l ~ —gjpB] (4.40)
where gj is the Landé g-factor, g7 is the nuclear g-factor, and yp and uy are the Bohr and

nuclear magnetons. Since yy << pp we can neglect the nuclear contribution for all but the

most precise measurements. Thus, we obtain
“B
Hmag = g]7] -B. (4.41)

When the interaction with the external magnetic field is much weaker than the hyperfine
interaction, that is to say Hyag << Hyrs, the magnetic interaction Hp,g can be considered to
be a perturbation. If this is the case, the vectors J and I move rapidly around their resultant
F, while F precesses more slowly about the magnetic field. In this regime F and mp are good
quantum numbers, while m1; and m are not. Thus the unperturbed eigenstates are simultaneous
eigenstates of F2, J%, I? and F,, labelled |FJImp). To evaluate the first-order energy shift, we
need to take the projection of the magnetic moment along F, and evaluate its interaction with
B:

HBﬂF B = o, HB

Hmeg =81 gt Brsr, BB (4.42)
with
F(F+1)+J(J+1)-I(I+1
8F ® ( )+ J( ) I )g], (4.43)

2F(F +1)

where the approximation sign indicates that we have neglected a nuclear contribution, consistent

with our earlier approximation. For Rubidium-8s, I = 5/2. The Landé g-factor is given by [28]

+/'(]+1)+S(S+1)—L(L+1)

=1 (4.44)
¥ 20 +1)
Choosing the magnetic field to be applied along the z-axis, B = Be,, we obtain the interaction
energy
Hpag = gF@BFz . (4-45)

h
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The Zeeman energy shift is therefore given by the first-order energy shift

AE = (FJImp|Humag|FJImg)
1
= E (F]Imp|gpyBBFz|F]Imp)
= gryupmrB, (4.46)
where we have used F, |F]/Imp) = hmg |F]Img).

The degeneracy of the magnetic sublevels of the atom is now lifted, and we obtain a Hamil-

tonian which includes detunings due to the Zeeman effect,

F) {e,

(4.47)

Z Egmp g mp) (g mp|+ Z E.,

mp——F mF——

with

Eg,mp = Eg,O + grupmpB,

!/ !
Eem, = Eeo + grupmpB,

where Eg o and E,  are the unperturbed ground and excited state energies, and gr and g, are

the different g-factors for the ground and excited states respectively.

4.3.5 The complete system Hamiltonian for two-mode cavity QED

We can now combine the various parts of the Hamiltonian derived in the above sections, to
obtain the complete Hamiltonian for a two-mode cavity QED system. We define the frequency

of the central mp = 0 <> m/, = 0 transition to be wy, giving
1 1
Ego = _Eth and E.g= Eth' (4.49)

In the experiment we are modelling the cavity (rather than the atom) is driven by a periodic
classical field. Thus, the driving term in the Hamiltonian will take the form (3.46). Finally, in
the Schrodinger picture, the Hamiltonian for a two-mode cavity QED system, in which the

atom is resonant with both cavity modes (w = w4 = wg), is

A

Hs =h& (aTe 1 + 4e'“") + how (a7a + b7D)

F

Z (——hw +gF#BmFB) g mF) (g, mp|
F’
2

—F/
my=—F

. R STt N, (ZS,435.4).
+hg(Sfa+3.a") +h M)m(g)bf]. 50
9 (% 0d") g[( NG NG (4.50)

/ ’
) (e, m|

1
(zha) + g;‘uBm%B)
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Transforming to the rotating frame gives

A

s =hE (a"+a)+ hAw(ata+bTh)

af
F 1
Z ( =~ Aw+gpy3mFB) g, mr) (g, mk|

[\)

F
Z ( hAerngBmFB)

AU STl Y. (2 +50) .
+hg(Sha ZdT)+hg[(g)b+(%)bT]. (4.51)

It is in fact the case, for the experiment we are modelling, that the cavity QED system is driven
on-resonance, that is w; = w. Thus, the Hamiltonian takes on a simpler form,
+a)
Fl

af
F
Z (grusmpB)|g, mp) (g mp|+ Y. (gpupmpB)

_ I __
mp=—F

, R ST+t N, (S,+35.0)
+hg(2ta+30a") + hg || =L | b+ g)b* ) 52
9 (% 0d") 9[( NG ) ( NG (4.52)

This is the form we will use throughout our two-mode cavity QED calculations, as it is the only

s =h& (

) e mi

one relevant to the experimental set-up in question [1-3].
There are several things that have been left out of this model, which could potentially be

included in future work. For example, we have neglected any birefringence of the cavity mirrors.

4.4 Master equation for the two-mode cavity QED system

If we refer back to section 4.3.1, we have a starting point for the construction of a master
equation for the complete two-mode cavity QED system. We have already seen that the
dissipator 2x(D[a]p + D[b]p) accounts for light of both orthogonal modes leaking out of
the cavity. When we include the magnetic substructure of the atomic levels in our model, we
also have to take into account the polarisation of the light that exits out the side of the cavity.
Atomic dipole transitions with different Amp refer to light with different polarisation® and
couple to statistically independent reservoirs. Thus, in addition to the two decay channels for
each of the two cavity modes, we have an additional three decay channels corresponding to
spontaneous emission events of the atom, that is, one for each of the Amp = 0, +1 transitions.
The dissipation term which will be added to the master equation to account for spontaneous

emission is the sum over these three decay channels,

> ¥D[Eqlp. (4.53)
q

2Ampr = Orefers to linearly polarised light, or 7 photons. Amp = +1refers to 6 photons, with 6" corresponding
to left circular polarisation, and o~ corresponding to right circular polarisation [29]. The b mode is linearly
polarised, corresponding to an equal combination of ¢* and ¢~ photons.
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The atomic decay rate y represents only the emission of a photon of the resonant frequency
in a direction other than that of the cavity mode. The rate is in reality determined by several
factors, but other processes, such as the atom decaying to other levels, represent a breakdown
of the two-level atom approximation we are using, and will thus not be considered.

Thus, we obtain the master equation for the two-level atom with magnetic substructure,

two-mode cavity QED system,

.1 \ » A
p = [Hs.p] +2x(Dlalp + DIblp) + 1 yD[2qlp, (454)
q
where Hg is given by (4.52). Recall that x and y denote the cavity mode and atomic decay rates

respectively.

References

[1] M. L. Terraciano, R. Olson Knell, D. L. Freimund, L. A. Orozco, J. P. Clemens, and P. R.
Rice. Enhanced spontaneous emission into the mode of a cavity qed system. Optics
Letters, 32:982-984, 2007.

[2] M. L. Terraciano, R. Olson Knell, D. G. Norris, J. Jing, A. Fernandez, and L. A. Orozco.
Photon burst detection of single atoms in an optical cavity. Nature Physics, 5:480-484,
2009.

[3] D.G. Norris, L. A. Orozco, P. Barberis-Blostein, and H. J. Carmichael. Observation of
ground-state quantum beats in atomic spontaneous emission. To be published in Physical
Review Letters, 2010.

[4] M. Kronenwett. Photon Correlations in Two-Mode Cavity Quantum Electrodynamics.
Master’s thesis, The University of Auckland, 2007.

[5] E.C. Viveros. Photon correlations in two mode cavity QED in an external magnetic field.
PGDipSci dissertation, The University of Auckland, 2008.

[6] S.]. Whalen. Photon correlation functions and photon blockade in two-mode cavity QED.
BSc (Honours) dissertation, The University of Auckland, 2008.

[7] R.Hanbury Brown and R. Q. Twiss. Correlation between photons in two coherent beams
of light. Nature, 177:27-29, 1956.

[8] R. Loudon. The quantum theory of light, section 3.7. Oxford University Press, third
edition, 2000.

[9] A.M. Fox. Quantum Optics, section 8.5. Oxford University Press, 2006.

[10] R.Loudon. The quantum theory of light, section 4.12. Oxford University Press, third
edition, 2000.

[11] R.Loudon. The quantum theory of light, sections 6.4 & 6.5. Oxford University Press, third
edition, 2000.

[12] A. M. Fox. Quantum Optics, chapter 6. Oxford University Press, 2006.

[13] R. Loudon. The quantum theory of light, section 4.8. Oxford University Press, third
edition, 2000.

[14] E.A. Power and S. Zienau. Coulomb gauge in non-relativistic quantum electro-dynamics



54

TWO-MODE CAVITY QED I: THEORY

and the shape of spectral lines. Philosophical Transactions of the Royal Society of London.
Series A, Mathematical and Physical Sciences, 251:427-454, 1959.

R. G. Woolley. Molecular quantum electrodynamics. Proceedings of the Royal Society of
London. Series A, Mathematical and Physical Sciences, 321:557-572, 1971.

J. D. Jackson. Classical Electrodynamics, chapter 4. Wiley, third edition, 1999.

E Mandl. Quantum Mechanics, section 2.5.2. Wiley, 1992.

C.J. Foot. Atomic Physics, section 4.3. Oxford University Press, 2005.

A. M. Fox. Quantum Optics, section 4.3. Oxford University Press, 2006.

J. J. Sakurai. Modern Quantum Mechanics, pages 238—-242. Addison-Wesley, revised
edition, 1994.

E Mandl. Quantum Mechanics, section 6.2. Wiley, 1992.

J. J. Sakurai. Modern Quantum Mechanics, pages 210-215. Addison-Wesley, revised
edition, 1994.

A.R. Edmonds. Angular Momentum in Quantum Mechanics. Princeton University Press,
1957.

C.J. Foot. Atomic Physics, section 5.4. Oxford University Press, 2005.

W. A. Stein et al. Sage Mathematics Software. The Sage Development Team, 2009.
http://www.sagemath.org.

[26] C.]. Foot. Atomic Physics, section 6.1. Oxford University Press, 2005.

[27] C.]. Foot. Atomic Physics, section 6.3. Oxford University Press, 2005.

[28

]
]
]

E Mandl. Quantum Mechanics, section 7.5. Wiley, 1992.

[29] A. M. Fox. Quantum Optics, sections 2.1.4 & 4.3. Oxford University Press, 2006.


http://www.sagemath.org

5

Two-mode cavity QED II: results

In this chapter we apply the theory developed in chapter 4, performing two specific calculations.
We compute second-order photon correlation functions for the non-driven mode of the cavity,
and investigate interference effects known as quantum beats which appear in these. We also
simulate the strong driving behaviour of the system and explain the results obtained by way of

an analogy to a simpler model.

5.1 Numerical solution of the master equation

In general, a quantum master equation may be difficult or impossible to solve analytically.
Therefore numerical solutions of the master equation are necessary to model the behaviour of
the system. In this section we detail some of the considerations necessary when doing this type
of modelling.

All the numerical results presented in the following sections, and indeed in later chapters
of this thesis, were computed using programs written in the Python programming language
[1]. Much use was made of the Python libraries NumPy |2, 3] and SciPy [4]: the former adds
support for large, multi-dimensional arrays and matrices to the Python language, while the latter
contains many algorithms and mathematical tools, in particular sparse matrix data structures
and numerical integration tools. Several of the Python programs written were based on the

methods used by Sze Tan’s quantum optics toolbox for the Matlab programming language [5].

5.1.1 Dimensionless master equation

The floating point numbers used in computing have a mantissa of limited precision, and
their magnitude is limited, due to the limited number of bits available. These limitations
inevitably lead to accuracy problems (rounding errors, for example), particularly when adding
two numbers that differ by many orders of magnitude. To avoid this problem, we rewrite the
master equation so that all its terms are of a similar order of magnitude. We can construct
a dimensionless master equation which satisfies these conditions by scaling (4.54) by the
reciprocal of some parameter of the system which has the dimensions of a rate, that is, inverse
seconds. Choosing to scale by 1/y, (4.54) gives

d . [HS

WP=—1 h—y>P]+%(D[d]p+D[é]p)+;D[ﬁq]p, (5.1)

55
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where we have defined B = ygB/h.
Another advantage of scaling by 1/y is that we have reduced the number of parameters
that determine the dynamics of the system. We now have four dimensionless parameters to

consider: £/y, By, g/y and x/y.

5.1.2 Fock space truncation

For a given set of parameters and a given driving field strength, the number of photons in a
given cavity mode y is unlikely to exceed some maximum number N,. Therefore it is clearly a
good approximation to neglect all Fock states with a photon number larger than N,,. This is
referred to as truncating the Fock space of the cavity mode y.

If, in our two-mode calculation, N, and Nj, are the maximum allowed photon numbers
in the driven and non-driven cavity modes respectively, and N, is the number of atomic
states considered, then the Hilbert space of the atom-cavity system, H = Ha ® H, ® Hp,
will be N4(N, +1)(Np, + 1)-dimensional. As we will see in the following section, solving
a master equation in a Hilbert space of this dimensionality requires the solution of a set of
[Na(N, +1)(Np, +1)]? coupled ordinary differential equations. For small N, and N, it is a
straightforward numerical task to solve these equations, but the results may be affected by the
absence of some relevant Fock states. For large N, and Ny, this task can become too difficult
numerically to be worth pursuing. Therefore we must try to choose small enough N, and N,
that the solution of the master equation will be straightforward, but not so small that the results

are affected by the approximation.

5.1.3 Numerical modelling in Liouville space

The Liouvillian super-operator is a linear operator on Liouville space. Provided the Hilbert
space of the system is finite-dimensional, then the density matrix can be written asan N x N
matrix, with N the dimension of the Hilbert space. If the density matrix is instead written
as a vector in which each element corresponds to an element of the N x N matrix, then the
Liouvillian super-operator can be expressed as a square N> x N2 matrix. As a result, the form

of the master equation (2.23) is preserved; we repeat it here for convenience:

S p(0) = Lp(1). 63

Given an initial condition p(0), we can integrate the master equation numerically.
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The steady state of the system is of course defined by
p(o0) = Lp(c0) =0, (5.4)

where p(o0) is the steady state density matrix of the system. Finding the null space of the
Liouvillian matrix yields the solution of this equation. The null space of a matrix can be
computed by several methods, such as the singular value decomposition (SVD). When the null
space is only one-dimensional we can employ the inverse power method, or transform (5.4)
into an inhomogeneous equation. The latter can be done because tr(p) = 1 at all times, which
reduces the dimensionality of the problem by one. This means that £ can be transformed into
an (N2 —1) x (N? - 1) matrix; the transformation results in an inhomogeneous equation when
applied to both sides of (5.4), and the null space (assuming it is one-dimensional) can be found

by solving the system of linear equations numerically.

5.1.4 Second-order photon correlation functions

Using the quantum regression formula (2.67), we can evaluate the second-order photon corre-

lation function (4.8) as

20~ EOTONOL 1y i
N T M N Wit I T R

where all expectation values are taken with respect to the density operator at some time fy,

p(to), except for (PT9), = tr[#T9p(to+7)]. If we let ty — oo, we obtain the steady state second-

order photon correlation function; in this case it is clear that p(to + 7) = p(fo), so we can drop

the subscript 7 from (#79), and evaluate it using the same steady-state density matrix as for

all the other expectation values. The collapsed density matrix fip(ty)4" has been normalised

by (47i) so that it has unit trace: this has numerical advantages, in that it prevents matrix

elements from becoming too small during computation, but is not strictly speaking necessary.
If we define

puut () = exp(£7) [%] 56)

it is clear that

(%)
Puut (0) = I:yfzu’roﬁ;l :| > (5.7)
and
A A"‘
%P””T(T) = Lexp(LT) [%] = Lp (7). (5.8)

Thus, we have a first-order differential equation for p,, ut with initial condition (5.7). This is

used to compute the second-order photon correlation function using numerical integration.
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From (5.5) and (5.6), the second-order photon correlation function is given in terms of p,, ,+ by

1 St
8w (1) = Gy tr {9 (1)} (59)

Note that all these results generalise quite simply to the case of a time-dependent generator (as

introduced in section 2.2.3): (5.8) becomes

d
d—TpWT(T) = L(to+ 7)puut (7). (5.10)

The formula (5.9) makes the physical interpretation of the correlation function clear: if we
refer to the detection of a photon of the 4 mode at time t, as event E;, and detection of a
photon in the v mode at time t, + 7 as event E,, then the correlation function is equivalent to
P(Ez|Ey)/P(Ey).

5.2 Atom-cavity coupling strength & choice of parameters

The relative strength of the atom-cavity coupling is characterised by three parameters: the cavity
mode damping rate «, the spontaneous emission rate y, and the atom-cavity dipole coupling
constant g. The interaction is said to be in the strong coupling regime when g > (x,y), and
in the weak coupling regime when g <« (x,y). In the case of strong coupling, where the
atom-cavity coupling rate is larger than the decay rates, the interaction between the photons in
the cavity mode and the atom is a reversible process: a photon emitted by the atom may be
reabsorbed before it is lost from the cavity. On the other hand, in the case of weak coupling,
the decay rates x and y dominate; photons are lost from the system (either by leakage through
the cavity mirrors or by spontaneous emission) at a rate greater than the characteristic rate g
of the atom-cavity interaction. A typical emission of light by the atom in the cavity is therefore
irreversible.

The strong coupling regime is very interesting; it has been the subject of many theoretical
investigations and experimental measurements. However, the experiment of Norris et al. [6],
which we are in principle modelling, is not operated in the strong coupling regime, but in an
intermediate regime where the characteristic parameters of the system are all of the same order
of magnitude, g ~ (k,y). We therefore choose for our simulations parameters based on, but
not identical to, those used by Barberis-Blostein et al. in their recent work [7]. Our model is
too simple to seek quantitative agreement with experiment: the primary deficiency is that we
consider only a single atom, while the experiment deals with an atomic beam. Thus, we are
not going to worry overly about choosing parameters that agree exactly with experimental
values. The parameters we have chosen to use for all calculations in this chapter, unless stated
otherwise, are given in table 5.1.

The parameters w and v in table 5.1 relate to later simulations, in which we will allow the
atom to move through the cavity mode waist, resulting in a time-varying g(t). The beam

waist is w = 56 um. The velocity of the atom is also given in metres, because we will be
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Parameter Description Value
By Magnetic field parameter 1
gly Atom-cavity dipole coupling constant 1/4
kly Cavity mode damping rate 1/2
w Cavity waist 56 x 10 m
v Velocity of atom 15ms™ /(27 x 6 x 10° Hz)

TABLE 5.1: Parameters used in calculations pertaining to the two-mode cavity QED system.
Note that all rates are divided by y, such that they become dimensionless (see section 5.1.1).

integrating with respect to the dimensionless “time” parameter yt: the velocity parameter
is v = 15ms™/(27 x 6 MHz), which corresponds to an atom with spontaneous emission
rate y = 27 x 6 MHz moving at a velocity of v = 15ms™". The parameter g is the maximum
dipole coupling strength, taken with respect to the transitions with the largest Clebsch-Gordan
coefficients in equations (4.37) and (4.38): the mp = -3 & my = —4and mp =3 < mp = 4
transitions. The coupling strength for the central mp = 0 <> m}, = 0 transition will be \/m g.

The driving strength £/y remains an adjustable parameter.

5.3 Semiclassical treatment of the driven mode

We have already noted that the a-mode of the cavity is driven by an external field; photons
present in the b-mode, on the other hand, are due entirely to the interaction with the atom.
In the case where the cavity is strongly driven and the damping rate « of the cavity small in
comparison with £, the number of photons in the driven mode will be large. Also, with the
parameters listed in table 5.1, we are not in the strong coupling regime where single photons
have significant interactions with the atom. In light of these facts, we suspect that we can
approximate the driven mode of the cavity as a coherent classical field.

We turn now to the details of this semiclassical approximation. We replace the cavity mode

operators with mean field amplitudes,

a-(a)=a, a'-(a7)=a" (5.11)
From equations (5.1) and (5.2) we obtain the modified master equation
4, —i[ﬂ p] +25D[blp+ Y DI, ]p (5.12)
d(yt) hy' U]y A '
and Hamiltonian
) A ST4St N, (2,450
ﬂ:g(ocZ(T)+oc*Zo)+g[( S +1)b+(21+2+1)bT]
hy 'y y V2 V2
d B S BY ,
+ Z grmp— ||g, mE) (g, mg| + Z gpmp— |e, mF) (e, mg|,  (513)
mp=—F Y m' =—F' Y

F

in which the driven mode a is treated semiclassically. We also need to find an equation of
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motion for «, including, in particular, its dependence on the driving strength &, our sole

adjustable parameter. In the absence of an atom in the cavity, the master equation is given by

2 1 1
p= %Yt)p = —i [%(aﬁ + &),p] + 7" (&pélT - Eaﬂap - Epszﬁ) . (5.14)
From this, we can obtain the equation of motion for the mean-field amplitude with no atom in
the cavity,
d
() = tr(ap)
d(yt)
2 1 1
= —i%tr{d[dT +a,p]}+ 7"& [a (apa* - Edep - EpdTﬁ)]
£ K
=—i— - —tr(ap), (5.15)
Yy v

where we have made ample use of the cyclic property of the trace. In order to take into account
the back-action of the atom on the field, we use the full master equation (5.1) and Hamiltonian

(5.2), instead of (5.14). The resulting equation of motion for the mean-field amplitude is

d
d(y?)

<@=—{§+§u@wﬂ—§uwm, (5.16)

giving the equation of motion for «a = (d),

éc:—'(§+g<io>)—5a. (5.17)
Yy oy Y

The equation of motion for a* is the Hermitian conjugate of the above,

& . .

d*=i(—+g(2$))—5(x ) (5.18)
y v Y

Now, suppose it is the case that the state of the system, and in particular the expectation value

(£0), varies slowly compared with the damping rate «/y. If this is the case, & will follow the state

of the system adiabatically, remaining in an instantaneous “steady state” which only depends

on the state of the system by way of a dependence on (). In this case we have

—ig +9g <20>
—K .

o= (5.19)

Here we are basically neglecting the small amount time it takes for the mean-field amplitude o
to relax towards the steady state following a change in the expectation value (3).

We see that we now have three slightly different models of the system:
1. a full quantum model,

2. a model with a semiclassical driven mode,
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3. amodel in which the driving mode is semiclassical and adiabatically follows the state of

the system.

In order to characterise the difference between the three different treatments, we will examine a
quantity of interest calculated using each of the three different models. The quantity of interest
is the second-order photon correlation function for the non-driven mode b.

The self-correlation of the non-driven mode is calculated in the manner given in section

5.1.4. We specialise the formula (5.5) to the case of the steady state, obtaining

@) _ (1)b()b(0)),,
gbh (T) (I;TA>SS (ATZ;>SS
B 1 - ?)pssl;T
= (ET—E)SStr{b bexp(LT) (bT—b)ss } . (5.20)

The steady state density matrix used in this calculation could be obtained, for the case of the full
quantum treatment, by finding the kernel of the Liouvillian matrix. However this method is not
as suitable when we also have to take into account a semiclassical cavity mode, which depends
on some expectation value such as (%¢). Consider how we might deal with the numerical issues
surrounding case 2 in the list above. The equations of motion for « and «a* are still linear, so
we could write down a matrix which would generate the evolution of « and a* as well as the
matrix elements of p, but we have not chosen this method. Instead, we have chosen the simple
and effective, if somewhat inelegant, method of simply integrating the coupled equations of
motion for a, a*, and p for a long period of time, until an approximately steady state has been
reached. The same technique is used for case 3.

In order to compare the three variations of our model detailed above more directly, we
have integrated all three in similar fashion. For cases 1 and 2, we have used the common
fourth-order Runge-Kutta (RK4) numerical integration algorithm. For case 3, in which the
Liouvillian £ for the quantum part of the system is a function of the mean-field amplitudes, we
have used a modified RK4 scheme in which £(a, ™) is only computed once per time-step (at
the beginning of each time-step); this is justified by the assumption underlying the adiabatic
approximation: « varies slowly. In all three cases we integrate the master equation over a time

period tf — t; = 50)/‘1. The results are shown in Figs. 5.1 and 5.2.

5.4 Quantum beats

All the correlation functions shown in Fig. 5.2 show prominent oscillations, which are due to
quantum beats. In order to elucidate, qualitatively, the cause of these oscillations, we consider,
following Barberis-Blostein et al. [7], a subset of the allowed electric dipole transitions for
the F = 3 to F/ = 4 transition we are modelling." The transitions we are going to consider are
shown in Fig. 5.3a: they are the transitions which couple the six central hyperfine levels, with

magnetic quantum numbers mp = 0, £1. As is shown in the figure, the applied magnetic field

'Refer back to section 4.3.2, in particular Fig. 4.2, for information about these transitions.
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FIGURE 5.1: Comparison of quantum (red), semiclassical (green) and semiclassical with adiabatic

following (blue) models. These results were obtained using the parameters in table 5.1, with
Ely=0.1

creates ground and excited state frequency detunings, +0, and +4, respectively, between the
mp = +1 and mp = 0 magnetic sublevels. From our consideration of the Zeeman energy shift,

these detunings are given by

0¢ = grupB, 0. = griuBB. (5.21)

We will consider two principle processes by which the atom may emit a photon into the non-
driven cavity mode. These processes are illustrated in Figs. 5.3b and 5.3c, and will be explained
in further detail below.

We consider an initial condition in which optical pumping has prepared the atom in the
state |g, 0). The interaction with the driven cavity mode then excites the atom to the |e, 0) state.
From the excited state, the atom may decay back to the ground state through the emission
ofam, 0% or o_ photon. If a 7 photon is emitted, it is added to the driven mode and we are
not terribly interested. If, on the other hand, a o, or o_ photon is emitted, it will populate the
non-driven b-mode. When this photon is detected,’ the atom ends up in the superposition

state

o118 —1) +cgrlg.1) . (5.22)

This is because photons are detected in the “x-y basis” (corresponding to the linear polarisation
of the b-mode), so the measurement does not tell us anything about the helicity of the photon
that has been detected. It is not necessary for the purposes of this discussion to evaluate the
coefficients cg,.1, but they are of course subject to the constraint |cg,—1|* +|cg,1|* = L. This process
is illustrated in Fig. 5.3b.

After the emission of the first o-polarised photon described above, the atom continues to
interact with the driven mode of the cavity. The atom once again becomes excited by way of its

interaction with the driven mode, and, starting from the prepared ground state superposition

*The following argument is adapted from the work of Barberis-Blostein et al. [7].
*With the cavity decay rate x comparable to the atom-cavity coupling g, it is probable that the photon will leak
from the cavity and be detected before it can be reabsorbed by the atom.
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FIGURE 5.2: Comparison of second-order photon correlation functions obtained using quantum
(red), semiclassical (green) and semiclassical with adiabatic following (blue) models. These
results were obtained using the parameters in table 5.1, for various different driving field strengths.
Here the atom is held to be stationary in the centre of the cavity, and the master equation is
integrated over a time period ¢ — t; = 50y". For the quantum simulation, the driven a-mode is
truncated at the 10-photon level; for all three simulations, the non-driven b-mode is truncated
at the 3-photon level.

(5.22), ends up in the excited state superposition

Ce—1]€,-1) + cenle,1) . (5.23)

From here, the atom can return to its original state |g, 0) by emitting a second photon into the
non-driven b-mode. This process is illustrated in Fig. 5.3c.

The conditional detection of both the non-driven photons emitted in the processes de-
scribed above is equivalent to a measurement of the second-order photon correlation function
g}(]i). The two photons necessary for this measurement may be emitted into the non-driven
mode by either of two indistinguishable paths: |g,0) — |e,0) - |g,-1) = |e,-1) — |g,0), and
|g,0) = |e,0) - |g,1) > |e,1) — |g,0). We denote the phase factor along the former path ¢_;,
while the phase factor gained along the latter path is denoted ¢.;. Due to the detunings J,
and 6, created by the applied magnetic field, the phase change along each of the two paths is
different (¢_; # ¢.1). Interference between the two paths therefore results in oscillations in

géi): quantum beats.
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(b) (c)

FIGURE 5.3: (a) Atomic energy level structure, with 7 transitions shown in red, and ¢ transitions
shown in blue. The applied magnetic field creates ground and excited state frequency detunings,
+0, and +6, respectively, between the mp = +1 and mp = 0 magnetic sublevels. (b) & (c) Two
processes by which a photon may be emitted by the atom into the non-driven cavity mode.

The difference between the phase factors gained along each of the two paths can also be
seen as a consequence of the atom’s Larmor precession [8, 9] in the applied magnetic field.
Note that, as we can see in Fig. 5.2, the quantum beats are suppressed around y7 = 0. This is
due to the photon antibunching of single-atom resonance fluorescence [10-12].

Of course, the qualitative explanation of the origin of quantum beats presented in this
section, in which we considered only six atomic states out of a total of sixteen, does not describe
the whole picture. It does, however, capture the essential physics. All the calculations relating
to the two-mode cavity QED system presented in this chapter take into account the full atomic

level structure.

5.4.1 Quantum beats with a moving atom

Our model of the two-mode cavity QED system can be modified to take into account the motion
of the single atom through the cavity. When we derived the Hamiltonian for the interaction
between the atom and the radiation field in section 3.1.3, we noted that the dipole coupling
constant in reality depends on the position of the atom. When considering a stationary atom
(as one does, for example, in the Jaynes-Cummings model), one suppresses this dependence,
but here we wish to restore it. The master equation (5.1) remains the same, while the only
change to the Hamiltonian (5.2) is that we replace the stationary g with g(R), which includes
the position dependence.

The position dependence we are to include is fairly simple. Say the cavity axis is oriented
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in the z direction. The field within the cavity has a Gaussian profile, so its amplitude falls off
radially from the centre of the beam, going as exp(—r?/w?). The atom traverses the cavity
radially (perpendicular to the z direction), at an antinode of the cavity mode standing wave, so

we have a position-dependent atom-cavity coupling,

2
,
g(r) = goexp (—ﬁ) , (5.24)
where r is the radial distance from the optic axis of the cavity, and w is the cavity waist, given
in table 5.1 as w = 56 ym. The parameter g is the maximum atom-cavity coupling strength; its
value is equal to that given for the coupling strength in table 5.1: go/y = 1/4. The radial location
r of the atom is time-dependent, and 7 = v. Thus the coupling strength may be considered to

depend on time,

9(t) = goexp (— rivtz) ) : (5.25)

This result is substituted into (5.2) in place of g, yielding a time-dependent Hamiltonian, and
thus a time-dependent Liouvillian £(t).

In the case of a time-dependent coupling, we can still treat the driven mode semiclassically,
substituting (5.25) into (5.13). In view of our previous success with the approximation of allowing
the mean field amplitude « to adiabatically follow the state of the system, we use this technique

here, obtaining

—ig + g(t) <i0)

(5.26)

We integrate the resulting equation of motion for a time period t; < t < t¢, where tf—t; = 2d/v.
The position of the atom is given by r(t) = —d + vt; thus the atom moves, over the period of
the integration, from r = —d to r = d. Ideally we would let d — oo, but this is numerically
impossible. Instead, we choose d = 2w, so that g(r = +d) is very small.

During the aforementioned integration we take a number, N, of regularly-spaced samples of
the system state. For each of these sampled states, we compute an unnormalised second-order

photon correlation function,
G (10, 7) = (BT (10.0)b" (0,5 + 7)b(t0,i + 7)b(10,1)) » (5.27)

where tg ; is the time at which the particular sample was taken. Then by applying the quantum

regression formula, we find that we can compute the unnormalised correlation function using

Gﬁ)(fo,i, T) = tr{i’Ti’pbb’f,i(T)} > (5.28)
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where pypt ;(7) has the equation of motion

d

d—Tﬁhm,i(T) = L(to,i +T)pppt,i(7), (5.29)

with initial condition

Povt i(0) = bp(to,)b" . (5.30)

We also define the quantities

1 t
G(z) = — ZG(Z)(tol, R tfj /t“fdl‘G(z)(t T) (5.31)
and
7 1 Aan ty PN
(b76) = 5 £ (65 (10.)) = = /t,» dt (b"h(1)) , (5.32)

where N is the number of samples taken.
Suppose we consider our atom to be just one of many atoms which are to pass through the
cavity. This is physically sensible given that real-world experiments of this type are performed

using atomic beams. In the steady state, the normalised second-order correlation function g( )

will be given by
() ftfdtG(z)(t T)
gbb( T)=1+ ;
(i ae (bTb(t)))
=1+ G(Z) T)/ ?J ?J . (5.33)

We have added 1 in the above expressions to ensure that g( )(T) tends to unity as 7 — oo. It
would not do so otherwise, as eventually the atom leaves the cavity, but in an atomic beam
experiment it would be replaced by another atom after some extended time period. When we
add unity, we are adding the contribution from uncorrelated joint counts where the first count
comes while one atom is in the interaction volume, and the second comes when the first atom
has left and a second, independent atom is in the interaction volume. This approximation is
valid assuming a sufficiently dilute atomic beam, so that there are never two or more atoms in
the interaction volume simultaneously.

We have implicitly assumed throughout our derivation that multi-atom effects (arising
from the real-world atomic beam mentioned above) can be neglected. This assumption requires
the mean number of atoms in the cavity N4 to be much less than one (the appearance of an
atom in the interaction volume is a Poisson process). In a simulation of a dilute atomic beam,
such as that of Barberis-Blostein et al. [7], the amplitude of the fringes which appear in the

normalised second-order photon correlation function due to quantum beating is scaled by
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FIGURE 5.4: Second-order photon correlation functions, computed using the semiclassical
approximation with adiabatic following. These results were obtained using the parameters in
table 5.1, for various different driving field strengths. Here the atom moves through the cavity

in the manner described in section 5.4.1. The non-driven b-mode is truncated at the 3-photon
level.

1/N4. This scaling is neglected for the purposes of our single-atom simulation.
Second-order photon correlation functions obtained using (5.33) are displayed in Fig. 5.4.

For each of the calculations shown, we have taken N = 100 samples of the system state.

5.5 Strong driving in two-mode cavity QED

In this section we investigate the dependence of the non-driven mode photon number, I;TI;, on
the strength of the classical driving field £.

In order to evaluate the mean photon number (bTb), we use the model in which the
driven mode is treated semiclassically, defined by equations (5.12), (5.13) and (5.19). We use the
parameters given in table 5.1, except we have B/y = 0, and the atom is held stationary in the
centre of the cavity. For each driving field strength £, we wish to compute the mean photon
number in the steady state. As in the case of Fig. 5.2, we integrate the master equation over
a time period ¢y - t; = 50y~! to yield a pseudo-steady state which we use to evaluate (bTb)
Figure 5.5 is the result of this calculation.

The main interesting feature of the dependence of the mean photon number on driving
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FIGURE 5.5: Mean photon number in the non-driven mode against £%/x2. These results were
obtained using the parameters in table 5.1, except with 3/y = 0. Here the atom is held stationary

in the centre of the cavity, and the master equation is integrated over a time period ¢ —t; = 50y~".
The non-driven b-mode is truncated at the 3-photon level.

field strength, as shown in the figure, is how (bTb> peaks in the vicinity of £2/x* = 10', and

then turns over and decreases. This feature is what we now seek to explain.

5.5.1 Simplified model

The additional atomic energy levels involved in our model of the two-mode cavity QED system
may obscure the essential physics involved in the strong driving behaviour of the mean photon
number in the non-driven mode. In order to investigate this phenomenon in a less complicated

context, we use a simple model derived from the Jaynes-Cummings model:
H=hEy(6, +6.) + higy(6,b+6_b"), (5.34)
with master equation

b= % [H, p] + 2cD[b]p + yD[6-]p . (5.35)

&, 1s a real constant.

Similarly to the two-mode QED model, we have an atom - in this case a two-level atom —
which is driven by a classical field. The atom interacts with an optical cavity mode, and photons
may be lost from the system by way of spontaneous emission, or by leaking from the cavity.

The mean photon numbers for different values of £, are obtained by finding the kernel of
the Liouvillian by direct numerical calculation; the resulting steady state density matrix yields
the expectation values. The parameters used are similar to those in table 5.1: g, /y = 1/4 and
x/y = 1/2. The resulting curve showing (bTb) against driving field strength is presented in
Fig. 5.6. It is clear that this model also exhibits the reduction in mean photon number at high

driving field strength observed in Fig. 5.5. Explaining this phenomenon in the context of the
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FIGURE 5.6: Steady state mean photon number in the non-driven mode against (€,/y)?, for the
simplified model. These results were obtained using the parameters: g;/y =1/4, x/y =1/2. The
cavity mode is truncated at the 3-photon level. The steady state has been computed by direct
numerical calculation.

simplified model may lead us to an explanation in the context of two-mode cavity QED.

5.5.2 Explanation of the strong driving behaviour

Consider a two-level atom which is driven by a periodic classical field, such as the atom
described by (5.34) with the coupling to the cavity (and the spontaneous emission) neglected.

The state vector describing the two-level atom can be written

W) = cglg) +cele) - (536)

We are interested in the effect of the driving Hamiltonian Hg = A€, (6. + 6-) on this state, so

from the time-dependent Schrodinger equation,

Ld o

1ha lv) = He ly) , (5.37)
we obtain

¢g(t) = —i€ace(t), (5.38a)

ée(t) = —i€qxcq(t). (5.38b)

If the atom is in the ground state at time ¢ = 0, so that cg(0) = 1and c.(0) = 0, the solutions of

the above equations are

cg(t) = cos(Eqt), (5.392)
ce(t) = —isin(Eqt). (5.39b)
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FIGURE 5.7: (a) When a two-level atom interacts with an intense resonant light field, the AC
Stark effect splits the bare atom states into doublets separated by the Rabi frequency 2&,. This
results in three emission lines, at frequencies w4, w4 + 2&,. (b) The Mollow triplet spectrum
which results from the dressing of the atom states.

These equations describe Rabi oscillations* with Rabi frequency Qg = 2&,. These oscillations
can be interpreted in terms of dressed atoms [14, 15]: in the presence of an intense resonant
light field, the AC Stark effect splits the bare atom states into doublets separated by the Rabi
frequency, as shown in Fig. 5.7a. Transitions between the dressed atom states lead to three
emission lines at frequencies w4, w4 + 2&,. The fluorescence spectrum® of an atom driven in
this way is of course the well-known Mollow triplet [16, 17], in which the coherent oscillations
of the atomic state beat with the fundamental transition frequency to produce side bands in
the emission spectrum at w4 + Qg.

When &, is sufficiently large, the side bands in the Mollow triplet spectrum will lie outside

the cavity linewidth. Consider a driven cavity, described by the master equation

. 1 A A A A A
p= E[EC(bT+b)+6bTb,p]+21<D[b]p, (5.40)

where ¢ represents a detuning of the driving laser from resonance with the cavity. This master

equation yields the steady state expectation values

7 _ 56 7+ . gc
(b)ss 1K+15’ (b >SS_1K_i8’ (5.41)
and
BB), = 555 (b} (Bher) =
( >ss‘_1§(( bss = ( )ss)—m> (5.42)

illustrating a Lorentzian dependence on detuning.
Referring to the Mollow triplet spectrum shown in Fig. 5.7b, we see that the detuning of
the side bands from resonance with the cavity will depend on 2&,. Thus, as & increases, we

except a Lorentzian drop-off, going approximately as (x* + 4£,%)7Y, in the steady state mean

“See Fox [13] and references therein for an overview.

*When we introduced the Rabi oscillations, we neglected the atomic decay terms in the master equation for
simplicity’s sake; however, when speaking of transitions and fluorescence we must of course consider the decay
terms, and the coupling of the atom to the cavity mode.
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FIGURE 5.8: Atomic level structure for an F = 3 to F’ = 4 transition, with splitting due to the
AC Stark effect shown as dashed lines. The driven cavity mode interacts with the atom via 7
(Ampg = 0) transitions, and the non-driven mode via 0 (Amp = £1) transitions. Example ¢
transitions between the dressed states are shown. The variation in the splittings is due to the
various Clebsch-Gordan coeflicients, written out in (4.38), which characterise the strength of
the coupling between the atom and the driven mode.

photon number (bT b) ss- The central peak of the Mollow triplet will always remain within the
cavity linewidth, and thus the steady state mean photon number will fall off to some fraction of
its peak value as we increase &, but it will not get all the way to zero. This is approximately
what is observed in Fig. 5.6.

The results obtained from the simplified model can be generalised to the two-mode cavity
QED system, as shown in Fig. 5.8. The two rightmost ¢ transitions shown in the diagram lie
outside the cavity linewidth, and contribute to sidebands analogous to those of the Mollow
triplet. The various magnetic sublevels of the atom complicate the situation, but we can see the
qualitative similarity between the two-mode cavity QED system and the simplified system of
section 5.5.1. The transitions which lie outside the cavity linewidth are the primary cause of the
strong driving behaviour that we observe in Fig. 5.5 — the decrease in mean photon number
above a certain driving strength.

At very high driving strengths, the mean photon number shown in Fig. 5.5 continues to
decrease (and will eventually reach zero), while the mean photon number in Fig. 5.6 settles
down to a non-zero value. This is due to the variation in the splittings between the different
mp and mf, states, caused by the differing Clebsch-Gordan coefficients in the atomic dipole
transition operator 3. For a large enough driving field strength, the differing splittings will
cause all possible ¢ transitions (such as those shown in Fig. 5.8) to lie outside the cavity

linewidth, and the mean photon number in the non-driven mode will fall off to zero.
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Circuit QED I: review

6.1 Introduction to circuit quantum electrodynamics

Circuit quantum electrodynamics [1] is an implementation of a cavity QED system in a super-
conducting circuit, originally designed as an architecture for quantum computation [2]. In a
circuit QED system, a superconducting Josephson junction qubit plays the role of an artificial
atom. To complete the analogy with cavity QED, the qubit must be coupled to a quantised
harmonic oscillator. In an electrical circuit, photons can be understood as the quantised excita-
tions of any electromagnetic resonator, including the simple combination of an inductor and a
capacitor (see appendix A). A solid-state electromagnetic resonator can therefore play the role
of the cavity in the circuit QED system. Strong coupling (see section 5.2) was first achieved in
circuit QED in 2004 (3, 4].

One particular implementation of circuit QED makes use of a transmission line resonator,
which consists of a superconducting wire placed between two ground plates. Photons are
confined in one dimension along the transmission line, and gaps in the wire, placed an integer
number of half-wavelengths apart, are the “mirrors” used to form a microwave cavity. The rate
at which photons enter and leave the cavity depends on the size and shape of the gaps. To form
a circuit QED system, the electric fields of the transmission line resonator are coupled to a
superconducting charge qubit, one of several different types of superconducting qubit which
we will consider below.

In the past couple of years, two notable experiments have made use of the particular type of
system described above [5, 6]. Both experiments involved the measurement of the characteristic
\/n scaling of the spacing of the Jaynes-Cummings energy ladder (see Fig. 3.1). It has been
pointed out that an observation of this scaling is sufficient to prove that the system is quantum
mechanical in nature [7].

Consider the first “rung” of the Jaynes-Cummings ladder, depicted in Fig. 6.1a, which
comprises two dressed states separated by an energy 2hg. Strong coupling, where the coupling
g greatly exceeds the dissipation rates, allows transitions from the ground state to each of
these dressed states to be resolved, resulting in the splitting of the cavity transmission peak
into a doublet. This is known as vacuum Rabi splitting; the type of doublet spectrum which
might be observed is illustrated in Fig. 6.1b. The vacuum Rabi spectrum for a single trapped
atom in an optical Fabry-Pérot cavity has been observed by Boca et al. [8], with a separation
between the peaks of less than ten peak linewidths. The analogous measurement of Bishop

et al. [6] has a vacuum Rabi splitting, g/, exceeding 260 linewidths. Another vacuum Rabi

73
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FIGURE 6.1: Vacuum Rabi splitting. (a) Transitions from the ground state to the first “rung” of
the Jaynes-Cummings ladder. (b) The vacuum Rabi spectrum which is observed in the regime
of strong coupling: the cavity transmission peak is split into a doublet.

spectrum result is given by Schoelkopf and Girvin [1], in which the coupling g approaches the
fine-structure limit for cavity QED, which gives the maximum strength of the electric dipole
coupling between an atom and a cavity [9].

The experiment of Bishop et al. furthermore observed the supersplitting of each vacuum
Rabi peak into a doublet, as predicted by Carmichael and co-workers [10]. The excellent
agreement between theory and experiment obtained by these authors provides the impetus for

our theoretical consideration of circuit quantum electrodynamics.

6.2 Superconducting quantum bits

There exist several different types of superconducting quantum bit, but there are three main
types, classified according to the variables by which they are controlled and excited: the flux
qubit, the phase qubit, and the charge qubit. Here we will consider the prototypical form of
each type. For an excellent and thorough review of the various superconducting qubits, see
Clarke and Wilhelm [11].

6.2.1 The RF SQUID

The prototypical flux qubit is the RF SQUID (radio frequency superconducting quantum
interference device), consisting of a superconducting ring interrupted by a single Josephson
junction as shown in Fig. 6.2a [12]. The junction has capacitance Cj, the superconducting loop
has self-inductance L, and an externally applied magnetic flux @, biases the system. Taking
into account contributions from the charging energy, magnetic energy, and Josephson coupling,

we obtain the Hamiltonian'

Q? N (D -D,)°

H=——
2C; 2L

0]
— Ejcos (27r—) . (6.1)
o)

The phase difference across the Josephson junction y is related to the flux in the loop by y/27m = ®/®, +integer.
Recall that @ = h/2e is the flux quantum.
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FIGURE 6.2: Schematic depictions of various types of superconducting quantum bit. (a) An RF
SQUID qubit. (b) A current-biased Josephson junction qubit. (c) A Cooper pair box qubit. The
superconducting charge island, or “box” lies between the capacitively shunted junction and the
gate capacitor.

The dynamics described by this Hamiltonian are analogous to the dynamics of a particle? with
“mass” C; moving in a one-dimensional potential given by the sum of the magnetic energy of
the loop and the Josephson coupling energy of the junction. For appropriate parameters,’ the
two central minima of the aforementioned potential form a double well separated by a barrier
whose height depends on the Josephson coupling energy Ej; see Fig. 6.3a.

The left and right potential wells correspond to the quantum states |0) and [1) respectively.
When the qubit is in state |0), there is a current present in the loop which tends to cancel ®@;
when the qubit is in state [1) the current tends to augment @,. These circulating supercurrents
are equal and opposite, with magnitude J;. The system can coherently tunnel between these
two states.

At the degeneracy point where @, = @(/2, the magnetic energy of the loop contributes
a constant, which can be neglected. In the spirit of the tight-binding approximation [13], we
can write the Hamiltonian for the qubit at the degeneracy point as H = —A/2 (|0) (1| + [1) (0]),
where A is a coupling parameter known as the tunnel splitting [12]. Away from the degeneracy
point we must add a term to take into account the circulating supercurrents. From the relation

for the energy stored in an inductor, we obtain

1 1
H=-¢0,— —Aoy, 6.2
580z = S A0y (6.2)

where & = 2], (®y —3Dp). The energy eigenvalues of (6.2) are i%\/m When ©, =
®y/2, the ground and excited states are the antisymmetric and symmetric combinations
(]0) * 1)) /\/2 respectively.

Of course, several other flux qubit configurations have been proposed. For example, three-
junction SQUID rings are common [14]. Flux qubits play no further role in this thesis, so we

will not consider any other configurations here. For more information, see Makhlin et al. [15].

’Due to the identification Q = —i/0/d®, the Hamiltonian can be written entirely in terms of the variable ®.
*See, for example, the experimental parameters used by Friedman et al. [12].
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FIGURE 6.3: (a) Flux qubit potentials. The solid line shows the symmetric potential obtained
when @, = ®,/2. The dashed line shows the tilted potential obtained when @, # ®;/2; in
this case @, /@, = 1.25. (b) The tilted-washboard potential, with J/J. = 0.2. Reproduced from
appendix B.

6.2.2 The current-biased junction

The prototypical phase qubit is the current-biased Josephson junction [16, 17], consisting of a
single Josephson junction connected to a current source. A schematic depiction of the current-
biased junction is shown in Fig. 6.2b. Referring to sections B.4.3 and B.4.4 of appendix B, we
see that the dynamics of the phase difference between the sides of the junction are analogous
to the dynamics of a particle moving in a potential U(y), given by (B.41). This potential has
the form of a “tilted washboard”, and is depicted in Fig. 6.3b. See Clarke et al. [18] for further
reading.

When the external bias current ] is less than the critical current of the junction, that is
J < J¢, U has local minima in which the motion of the coordinate y (which we can alternatively
think of in terms of our fictitious particle) can be localised. When the bias current is equal
to the critical current, the local minima become points of inflection, so for J 2 J. no bound
states exist. The local potential wells are approximately cubic [16], and as such anharmonic; the
energy level spacing becomes smaller as the quantum number # increases. The qubit involves

transitions between the ground state |0) of one of these potential wells, and first excited state

1).

6.2.3 The Cooper pair box

The prototypical charge qubit is the Cooper pair box [2, 15, 19]. This type of qubit plays a major
role in the theory of circuit quantum electrodynamics presented in the following chapter, so we
will not consider it in great detail here. Chapter 7 will contain a more comprehensive treatment.

The Cooper pair box is depicted schematically in Fig. 6.2c. It consists of a superconducting
island (“box”) connected by a Josephson junction (with Josephson coupling energy E; and
capacitance Cy) to a superconducting electrode. A gate voltage V; is coupled to the system via
a gate capacitor Cg. The number of excess Cooper pairs on the charge island is a quantised,

integer operator 7. If the circuit is operated in a suitable parameter regime, Cooper pair number
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states with n > 1 may be neglected. In this case, the Cooper pair box Hamiltonian reduces to
that of a qubit.

The transmon is a charge-insensitive qubit design derived from the Cooper pair box [20].

While it behaves in many ways more similarly to an anharmonic oscillator than a qubit, it has

seen use in recent circuit QED experiments [5, 6], and as such will be considered in detail in

the following chapter.
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7
Circuit QED II: theory

Recent experiments in circuit quantum electrodynamics [1, 2] have used a transmon qubit [3]
as an artificial atom, coupled to a transmission-line resonator to realise a cavity QED system.
In this chapter we develop a model of each of the elements of such a system, as well as the
coupling between them, and explore connections to the Jaynes-Cummings model. We also

construct the Lindblad master equation which models the damping of the circuit QED system.

7.1 The artificial atom

7.1.1 The Cooper pair box

In section 6.2.3 we introduced the Cooper pair box qubit, which is depicted schematically in
Fig. 6.2c. Here we consider the physics of this qubit in greater detail.

Firstly, we will derive the Hamiltonian for the electrostatic energy of the charge island.
The island has total capacitance Cy = Cj + Cq, where Cj is the geometric capacitance of the
Josephson junction, and Cj is the gate capacitance. The Cooper pair charging energy of the
island - the electrostatic charging energy to add a single Cooper pair to the superconducting
island - is given by E. = (2e)?/2Cs. The dimensionless gate charge ny = C, V,/2e accounts for
the effect of the gate voltage V,, and can be thought of as the preferred number of excess Cooper
pairs on the superconducting island (although it is a continuous variable). The actual excess
charge is a quantised, integer operator 7. The Hamiltonian for the electrostatic component of
the junction is given by

2

A 2
chEc(ﬁ—ng) - M‘

1

> (7.1)
2 Csy

To take into account the coherent tunnelling of Cooper pairs across the junction, we must add
an interaction term to the Hamiltonian. Using eigenstates of the Cooper pair number operator

i, we obtain
2 1
H = 33 [Ee (= 1)’ o) 0= 35 () 105 o +1) )] 2

Figure 7.1 shows the effect of the Josephson coupling on the energy levels of a charge qubit.

In the so-called charge regime, where E. > Ej, and in the vicinity of the degeneracy points
13

z, E, .o
pair number states is very large, so we can neglect number states with n > 1. Making this

where ng = ., the energy difference between the n = 1 and n = 2 (and higher) Cooper

79



8o CIRCUIT QED II: THEORY

Energy (E.)

(=]
=
)
Pt ‘\
N
(8]

Mg

FIGURE 7.1: Charge qubit energy levels. Dotted and dashed black lines show the electrostatic
energy of the superconducting island for various even and odd numbers of Cooper pairs present
on the island, respectively. Near the degeneracy points, the Josephson coupling mixes the charge
states and modifies the energy of the eigenstates: blue, red and green solid lines show the ground,
first excited, and second excited state energy levels with E;/E, = 0.25, obtained via numerical
diagonalisation of the Hamiltonian (7.2).

approximation, the Hamiltonian becomes
2 1
H = Eerg |0) (0] + Ee (1= ng)"[1) (1] = 2B ([0} {1] +[1) (0]) - (7:3)

Subtracting the mean of the unperturbed energies of the states |0) and |1), given by 3E(1 -
2ng + 2”?;)’ and thus shifting the zero of energy gives

H = 2B (1= 2ng) (1) (11 [0} 0]) = S5 (10) 1]+ 1) (0] (74)

If we make the identifications

|o)ﬁ((1’) and |1>ﬁ(;), (75)

the Hamiltonian (7.4) can be written in terms of the Pauli matrices o, and o, as
1 1
H= EEC (1 - 2ng) Oy — zE;ox . (7.6)

At the charge degeneracy point where ny = 3 (we restrict our attention to the gate charge range
ng € [0,1], as we can see from Fig. 7.1 that the energy level structure repeats periodically as we

scan across 1¢) the Hamiltonian (7.6) simplifies to

1
H= _EEIO'x- (77)

This Hamiltonian is diagonal in the basis {|+), |-) }, where

1 RN
)= s (0w )= ( 1 ) , 79)
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the energy eigenvalues are thus given by
1 1
Hl|+)=Ej|+) and H|-)=-"Ef|-), (7.9)
allowing us to write the Hamiltonian transformed into the |+) basis as
1
H-= EE}O'Z. (7.10)

It is also possible to express the Hamiltonian (7.2) in terms of the phase y of the supercon-
ducting order parameter of the charge island, which is the canonical conjugate to Cooper pair

number 7 [4]. The eigenstates of number and phase are related to one another by*

oo

ly) = Z ei”"|n) , (7.11a)
21 )
|n) = /0 dye™|y) . (7.11b)

In the phase basis, the Cooper pair number operator is given by
= —i—, (7.12)

and so in the phase representation [6] the Hamiltonian (7.2) becomes

2
H=E, (—ia%/ - ng) —Ejcosy. (7.13)

The time-independent Schrodinger equation derived from this Hamiltonian is a form of Math-
ieu’s differential equation, and has analytic solutions [7]. We will not make use of these solutions
in this thesis, but a brief derivation is presented in appendix C.

Using (7.13), we can evaluate the current passing through the Josephson junction. The

current in the Cooper pair box circuit is given by
J=—2ef, (7.14)

the charge of a Cooper pair multiplied by the rate at which the pairs tunnel off the charge island.

'For information about phase operators, see Loudon [5].
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We can thus evaluate the current,

. 1
= 2e—[i,H
J= 2o o H]
——261 [#,—Ejcos ]
S Ty
_ —2el o(-E; fOS 7)
ih oy
_ 2k sin §
=Jesiny, (7.15)

where we have used the fact that E; = J.®¢ /27, and that @ = h/2e. We see that the phe-
nomenological Josephson coupling Hamiltonian first introduced in (7.2) eventually leads to
the correct Josephson current-phase relation.”

7.1.2 Island potential

From (B.35), the potential difference across the junction of two superconducting electrodes in

a quantum circuit is related to the phase difference between the electrodes by

V=221, (7.16)

Because the phase difference y and the Cooper pair number # are conjugate variables, in the

Heisenberg picture we can write [8, 9]

dA 1,

e [4,H], (717)
and

0A 1. .

5 =7 [A, n] , (7.18a)

0A 1.,

Pyl [A, y] , (7.18b)

where A is any operator.
Using the above relations, we can write the potential difference across a Josephson junction
- and thus the potential of the Cooper pair box charge island - as
.1 D 1 oH
V = — — Y N H = — — . .1
ih 2e (7. H] 2e o (715)

Because the electrostatic component of the Cooper pair box Hamiltonian (7.1) is a function

2See sections (B.4.1) and (B.4.2).
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% | %% é é

FIGURE 7.2: Split Cooper pair box.

only of (7 — ng), we have

. 1 0H,
V=2 .
2e dng (720)
which yields
A 2
V= —e(ﬁ—ng) . (7.21)
Cs

7.1.3 The split Cooper pair box

The electrostatic component of the Cooper pair box Hamiltonian (7.2) can be tuned by varying
the gate voltage V. Splitting the Josephson junction as shown in Fig. 7.2 provides the ability to
tune the tunnelling portion of the Hamiltonian as well.

When the Josephson junction coupling the superconducting electrode to the charge island
is split into two, the Josephson component of the qubit Hamiltonian becomes the sum of the

contributions of the two junctions,
Hj = —Ejcosy, — Ejp cos ys, (7.22)

which is equivalent to

Hy = =3 B () 1+ -+ 1) ()

ni
1

5 Y Ep () (np+1]+|np +1) (na]) . (723)

n2

Our discussion of the DC SQUID device in section B.5.1 includes the result that the difference be-
tween the phase differences across the two junctions can be written y; -y, = 27®/®q (mod 27);
see equation (B.49). Substituting this relation into (7.22), and making use of some trigonometric

identities, we find that (7.22) becomes
) : DY .
Hj=—-(En+Ej)cos (na) cosy — (=Ej + Ej) sin (na) siny, (7.24)
0 0

where we have defined y = (y; + y2)/2. In the case where the junctions are symmetric (having
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the same critical currents and thus the same coupling energies), or when there is no external flux
present in the DC SQUID loop, the Hamiltonian (7.22) reduces to an effective single-junction

Hamiltonian, with a flux-tunable Josephson coupling energy
Hj = —E;ﬁ (®)cosy. (7.25)

In order to consider cases where the above conditions do not hold, we define the variables

E]z = E]l + E]z , (7.26)
En-E

d=-"L_"~ (7.27)
E]Z

Using the transformation between the phase and charge bases introduced in §7.1.1, we can now

write the split Cooper pair box Hamiltonian as

1 )
Hy = =3B 3 [cos (- ) (1) 11+ + 1) ()
2774 o
o o
+id sin (Tta) (jn)(n+1]-|n+1) (n|)] . (7.28)
0
In the two-state approximation, the complete Hamiltonian for the split Cooper pair box is

1 ) . )
H=E, (1 - an) 0,— —Ejs [cos (7‘[—) 0y + d sin (n—) ay] . (7.29)
2 LON Dy

See Cottet [10], Schuster [11] for further information about the split Cooper pair box.

7.1.4 The transmon

The transmon [3] is a charge qubit, similar in design to the split Cooper pair box. The chief
difference from the split Cooper pair box is, as we can see from Fig. 7.3,> an additional large
capacitance Cg. This additional capacitance means that the total capacitance to ground of the
charge island Cs = Cj + Cg + Cp (where C, is the total capacitance of the split junction) is
larger than in the case of the Cooper pair box, and so the electrostatic charging energy of the
island, E; = (2¢)?/Cs, is comparatively small. Indeed, the transmon is, in contrast to both
types of Cooper pair box, operated in a regime where E, << E;. The reason for this will become
clear below.

We now consider the Josephson tunnelling component of the transmon Hamiltonian. This
Hamiltonian is identical to the relevant component of the split Cooper pair box Hamiltonian,

so the reader can refer back to section 7.1.3 for details, but we reproduce it here for convenience:

*Figure 7.3 does not depict the full capacitance network for the transmon device; an effective network is
presented here as it is sufficient for our purposes. A complete analysis of the full network is presented in Koch et al.

[3].



THE ARTIFICIAL ATOM 85

1.

FIGURE 7.3: Schematic diagram of a transmon charge qubit. The split Josephson junction, which
forms a DC SQUID loop, has total capacitance Cj.

) . . oy
Hj;=-Ejs [cos (71—) cos y + d sin (7‘[—) sin y] . (7.30)
Dy Dy

This Hamiltonian can be rewritten [3]

) )
Hj = —Ejs cos (7‘[—) \/1 + d? tan? (n—) cos (9 —yo) » (7.31)
) Dy

0

where the phase y is determined by tan yy = d tan(7®/®,). When the magnetic flux through
the DC SQUID loop is constant, this phase can be eliminated by a shift of variables [3], and the

split Josephson junction can be taken to have an effective single-junction coupling energy,

) O}
E;ﬂc = E]Z COS (ﬂa) \/l + d2 tan2 (ﬂa) . (732)
0 0

As such, we may as well take the two junctions to be symmetrical from here onwards, writing

Hj = —Ejcosy (7.33)

for the Josephson component of the transmon Hamiltonian. The full result for asymmetrical
junctions can always be recovered by letting E; — Efff.

If we now take into account the charging component of the Hamiltonian, including the
new capacitance Cg mentioned above, we obtain the full phenomenological Hamiltonian for

the transmon device,
N 2 N
H:Ec(n—ng) —Ejcosy. (7.34)

This Hamiltonian is identical to that of the basic Cooper pair box charge qubit, which we have
already considered in section 7.1.1.

We see, therefore, that the only fundamental difference between the Cooper pair box and
the transmon is the regime in which it is operated: the Cooper pair box is operated with
Ej/E. < 1lin order that it might behave as a qubit, whereas the transmon is operated with
Ej/E. > 1. Asis clear from Fig. 7.4, when the ratio E;/E, is increased, the anharmonicity of the

transmon energy levels decreases substantially. However, the so-called charge dispersion - the
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FIGURE 7.4: Eigenenergies E,, of the transmon Hamiltonian (7.34) as a function of effective
gate charge ng, obtained by numerical diagonalisation. The minimum difference between the
energies of the ground state and the first excited state is denoted E;.

peak-to-peak variation of each eigenenergy as we sweep across #¢ — also decreases. Specifically,

the charge dispersion of the m™ transmon energy level, which has energy E,, is given by
€m = Em(ng=3%) —En(ng =0). (7.35)

This decrease in the charge dispersion also decreases the sensitivity of the transmon to
charge noise, which is of experimental value. It is shown by Koch et al. [3] that an increase of the
ratio Ej/E, results in an exponential decrease in the charge dispersion, with only a polynomial
decrease in the anharmonicity of the energy levels.

In order to further understand these results, and the transmon itself, we need to search for

analytic and perturbative expressions for the energy levels of the transmon.

7.1.5 Transmon: perturbation theory

In the large Ej/E. limit, the transmon behaves like an anharmonic oscillator. The quantisation
of this oscillator follows the treatment of the quantised LC oscillator presented in appendix A,

but with the inductor replaced by a Josephson junction.*

“Here we follow the treatments in Schuster [12] and Koch et al. [3].
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We have already seen that the Cooper pair box Hamiltonian - and thus the transmon
Hamiltonian - can be expressed in the phase basis using equations (7.11). and . The transmon

Hamiltonian in the phase basis, given by (7.13), is repeated here for convenience:

5 2
H=E, (_ia_y - ng) —Ejcosy. (7.36)

This is the Hamiltonian for a rigid pendulum or rotor, with a strong gravitational force —E; cos y
restricting the motion of the rotor to a small range of angles. Thus, we expand out the cosine

(Josephson) term in the transmon Hamiltonian, keeping terms up to fourth order,

2
- ) )A}Z )94
H ~ E, (_la_y) —E](1—§+Z , (7:37)

where the gate charge ng, which plays the role of a “vector potential’, has been eliminated by a
gauge transformation. This Hamiltonian consists of a harmonic oscillator part, and a quartic

perturbation:

o\ 1 1
Hw~ [EC (—ia—) + —E,fﬂ] - E; - —Ejjt. (7.38)
y 2

We introduce the annihilation operator for the harmonic oscillator which approximates the

transmon,

A myw, (. 7#
b=\/ﬂ(y+1 ) (7.39)
2 Mpwp

with m, = h/2E; and w, = \/2E E;/h. Thus, we can write the phase operator as

: 15+19T(2EC)1/4 (40)
= — . 7.40
A
And so the transmon Hamiltonian can be written as
fir 1 1 Ao a4
Hw~\2EE;(b'b+-)-E; - —E.(b+b") . (7.41)
2 48
The first-order energy correction to the j* state is given by
—iEc<j (E+l§*)4‘j>:—iEc (6j°+6j+3), (7.42)
48 48
which means that the energy of the j* level is given by
E;w hwyj— 2 (67 +6j+3
PP pr—g(JJrﬁ)- (7.43)

To put this another way, when w. << w, as is the case for the transmon, we can neglect those



88 CIRCUIT QED II: THEORY

EJE;

15

FIGURE 7.5: The transmon as an anharmonic oscillator. The blue lines represent the potential
and energy levels of a harmonic oscillator. The red lines show the effect adding a quartic
perturbation to the harmonic potential has on the energy eigenvalues. The relative sizes of the
energy corrections are correct to first order in perturbation theory, as the energy levels are given
by the result (7.43). Parameters are arbitrary.

terms in the expansion of (b + b')* which provide no first-order perturbative correction to the

Hamiltonian, obtaining
H-= hwpl;% - %hwc [bTb + (bTb)z] , (7.44)

where Aiw, = E.. Because the transmon will be coupled to some sort of cavity which is resonant
with the ground-first excited state transition (the “qubit” transition), we wish to write the

Hamiltonian in terms of this resonant frequency, w = wp — W /4. When we do this, we obtain

= hwb'h - ~hobTHTbb. (7.45)

We have obtained a simple Hamiltonian for the transmon: a charge qubit “reimagined” as an
anharmonic oscillator. Figure 7.5 shows qualitatively the effect of the quartic perturbation, and

of the first-order energy correction (7.42).

7.2 The transmission-line resonator

A cavity quantum electrodynamics experiment involves an atom coupled to a cavity or other
electromagnetic resonator. In circuit QED, a superconducting qubit, or a transmon as described
above, can be used as an artificial atom. The “cavity” used in recent experiments [1, 2] is a
quasi-one-dimensional superconducting transmission line resonator, also sometimes referred
to as a stripline resonator. This is essentially just a superconducting wire placed between two
ground plates. Gaps in the wire, placed an integer number of half-wavelengths apart, play the

role of “mirrors”, forming a microwave cavity analogous to the Fabry-Pérot geometry used in
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optics. The rate at which photons enter and leave the cavity depends on the size and shape of
the gaps.

For relatively low frequencies, when the cross-sectional dimension of the resonator is much
less than the wavelength of the transmitted signal, the transmission line can be described by a
one-dimensional model: an infinite series of inductors with each node capacitively connected
to ground. The classical Lagrangian density for such an LC oscillator is

l 1
L=+ —g*, .46
VAR (7.46)

where [ and ¢ are respectively the inductance and capacitance per unit length, and j(x, ¢) and
q(x, t) are the local current and the local charge density. We follow Blais et al. [13] in quantising

the oscillator in the usual way. First, we define

0(x,t) = f_jv[/z dx'q(x', 1), (7.47)

where the resonator has length M. This allows us to write the Lagrangian as

L- f ( 92——(ve)) (7.48)

The corresponding Euler-Lagrange equation is a wave equation & = v2v20 with speed v = 1/ Vie.

The overall charge neutrality of the resonator imposes Dirichlet boundary conditions
O(-M/2,t) = 6(M/2,t) = 0. (7.49)

The general solution for 6(x, t) thus becomes®

0(x.t) - ngdqsk(t)cos( )\/;Zm(t)sm( 5. (750)

k even

This normal mode expansion allows us to write the Lagrangian (7.48), after spatial integration,

as

l
L Z[ me -k, ] (751
k

with 7 = [y and wy = wkv/M.

The Hamiltonian obtained from the Lagrangian (7.51) is in the typical form of a set of

*Note that there will exist some k above which the assumption that the resonator can be considered to be
one-dimensional will no longer apply.
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harmonic oscillators, and thus we define boson annihilation and creation operators,

ag(t) = lwk(sb() ﬂk(i)) (7.52a)

aj(1) = l“’k (¢> ()-i ”"(?), (752b)
which satisfy
[ak> af,] = Ok - (7.53)
The Hamiltonian for the cavity, therefore, is
H-= ;hwk(azak+§), (754)
as expected.
7.3 Coupling of qubit to cavity
The voltage on the resonator is given by
00
Vi) = i 0x
__ k%;d\/%sin (”A’;x) [ax(t) + 4 (0)]
3\ o) [a(o) + ()] 759
Keven V €M M

If the qubit is coupled to a certain mode k of the resonator, and the combined system is driven
at or close to the resonant frequency, other modes can be neglected. Here, the qubit is placed
at the centre of the resonator (x = 0), and coupled to the k = 2 mode. Thus, the potential that
the qubit feels is given by

V(t)=Vola(t)+a'(1)], (7.56)

with Vy = \/hw,/cM. We have dropped the mode index on the resonator operators for
simplicity of notation.

Recall that the electrostatic part of the Cooper pair box (or transmon) Hamiltonian is given

H, = E. (i -ng)*, (757)
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ng = , (7.58)

V, being the classical bias voltage coupled to the Josephson junction. Inside the transmission
line cavity, the total voltage that the qubit feels is the sum of the classical gate voltage and the

quantum voltage due to the photons in the resonator,

‘A/tot:Vg'i‘V

=Ve+Vo(a+a'). (759)

Replacing V, with Viot and expanding out the electrostatic Hamiltonian gives

He = E (f-ng)’ +=Sn,V+ =L V2_ ZEV4, (7.60)
e

The first term is the electrostatic Hamiltonian with classical bias, which we have already taken
into account. The middle two terms are the extra energy stored in the geometric capacitance
of the Josephson junction; as they do not depend on the qubit state, they do not affect the
qubit-cavity interaction and can be neglected (by way of shifting the zero of energy). The last

term is our interaction term, which we will write as

Hr=2hg(a+a")n, (7.61)
with
eV
g= 7";;, (7.62)

where 8 = C,/Cs accounts for division of voltage within the qubit.
Recall that earlier, when we were deriving (7.4), we shifted the zero of energy, making the
substitution 72 — (|1) (1] = |0) (0])/2. In the qubit basis {|+),|—)} this becomes 7 = —0,/2,

giving
Hr=-hg(a+a")o,. (7.63)

If we make the rotating wave approximation,® neglecting terms like do_ and 4" o, which do not

conserve energy to first order, and absorb a phase into the definitions of 0. and o_, we obtain
Hp = hg(&0++&T0_) , (7.64)

the usual Jaynes-Cummings coupling.

In the case of the transmon, the Cooper pair number operator can be related to the transmon

SRecall section 3.1.4.
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FIGURE 7.6: Energy eigenvalues of the coupled transmon-resonator Hamiltonian (7.69), obtained
by numerical diagonalisation. The “ladder” on the left, with only two transmon states, is
equivalent to the Jaynes-Cummings ladder.

ladder operators using (7.39),

1
1 (Ef\+ , =&
ﬁ:—i—( I )4(b—b‘°). (7.65)
We may absorb a phase into the definition of b, giving

1 (E i
h=— (=) (b+b"), .66
" ﬁ(zEc) (b+b7) (766)

which in the rotating wave approximation gives a similar result [1-3],
Hy=hg(ab"+a'b), (7.67)

with different coupling strength g.
Combining the contributions from the cavity, the qubit, and the interaction, we obtain the

full Hamiltonian for a Cooper pair box qubit coupled to a transmission line resonator,
i a1 A At
H=hwa a+§hwaz+hg(aa++a a_) , (7.68)

the usual Jaynes-Cummings Hamiltonian.

The complete Hamiltonian for a transmon coupled to a resonator becomes

H = hwad'a + hopb™b - —hw bToTbb + hg (ab" +a'h) . (7.69)

@ | =

An example calculation of the energy eigenvalues of the coupled transmon-resonator Hamilto-
nian is shown in Fig. 7.6.
In order to help evaluate the resonator-transmon coupling strength g, we re-write the



MASTER EQUATION FOR THE CIRCUIT QED SYSTEM 93

Hamiltonian in the basis of uncoupled transmon states |i), obtaining [3]
H:thj|j)(j|+hwa&& h22911| ]|(a+a) (7.70)
j
with coupling energies

hgij = hgf,- = 2eB Vo (i|f1] ) . (7.71)

The matrix element (i|f1]]) is easily evaluated using (7.66). We find that

Al 1 ( Ej\* S
f >:ﬁ(2E]c) Vitl (7.72)

and (jlAj +1) = (j

G

71|j) are the only non-zero matrix elements of this type. Of course, we

have made many approximations in deriving the form of 71 used to evaluate the matrix elements
above, so the other matrix elements will in reality be very small but non-zero. See Koch et al.
[3] for a discussion of how these matrix elements behave. In the rotating-wave approximation

the coupling takes on the form
hy gi(lj+1)(jla+hc), (7.73)
i

where g;j = gji1,j. We now know that

gi~ 90 j+1, (7.74)

where gy is some reference coupling strength. This is in line with what we already know from

(7.69), given that b = ;1 /j +1|j) (j +1.

7.4 Master equation for the circuit QED system

To model a driven transmon-resonator system, we add a driving term to the Hamiltonian
(7.69),

A

H=hw,a"d+ ho,bt

>
|

+ hE (ae”"” +afe ”"Lt) . (7.75)

Transforming the above into a frame rotating at the driving field frequency, to remove the

time-dependence, we obtain

Ag A

PO | A n A
H:hAwade+hAwbbTb—gthbTbTbb+hg(de+d b)+hE(a+a'),  (776)

where Aw, = w, — wy and Awy, = wp — W

Interactions with the environment are modelled by way of the Lindblad master equation
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FIGURE 7.7: Coherent spectra T = |(d) ? of the light transmitted by a transmission line resonator
coupled to a transmon. Obtained numerically by solving for the steady state of the master
equation, with parameters g/x, = 350, w./x, = 4500, and k;/x, = 1. Following Bishop et al.
[2], the Hilbert space for these calculations is truncated to a subspace with maximum number
of excitations N = 7, using the projector Py = Yo, jen |1 7) (1, -

for the density operator p,

p=Lp= % [H,p] +x.D[a]p +x,D [b] p. (7.77)
There are two decay channels, taking into account loss of cavity photons and relaxation of
transmon excitations respectively. The rate of loss of photons from the cavity is given by x,,
while the relaxation rate of the transmon excitations is given by «;. Following Bishop et al.
[2], we have assumed that the relaxation of higher transmon levels arises due to a coupling
of environmental degrees of freedom to the charge on the superconducting island. Thus, the
relative strengths of the relaxation of the levels |j) are taken to go as g;j/go. This yields the

expected dissipation term,

P | 2 1) Gl =D | SV 1| = Db (779)
] ]

It is noted by Bishop et al. that another damping term, taking into account pure dephasing of

transmon state superpositions, ought to be present. However, transmon manufacturing has
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advanced to the point that the dephasing rate can be set to zero [2].

As an example calculation using the model we have developed, several plots of the coherent

spectrum of the light transmitted by the resonator, in the case where the transmon’s lowest

excited state is resonant with the transmission line, Aw = Aw, = Awy, are shown in Fig. 7.7.

Note that for weak driving (€/x, = 1.0) the transmission spectrum of the transmon-cavity

system is essentially the vacuum Rabi spectrum; at higher driving field strengths, additional

peaks arise due to multi-photon transitions. Also visible is the supersplitting of each vacuum

Rabi peak into a doublet, predicted by Tian and Carmichael [14].
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8

Circuit QED lllI: dispersive optical bistability

A system is said to display optical bistability if for a single intensity of the light input to the
system, there exist two stable output intensities, one large and one small [1]. Optical bistability
due to the presence of a single atom (or artificial atom) in a cavity is mentioned by Schoelkopf
and Girvin [2] as being a phenomenon which may appear in the new regimes of quantum
optics opened up by circuit QED technology. In this chapter, we investigate optical bistability
in the circuit QED system comprising a transmon coupled to a transmission line resonator.
Drummond and Walls [3] (and, following them, Walls and Milburn [4]) give a treatment of
optical bistability in a system comprising a nonlinear dispersive medium inside a single-mode
optical cavity. They consider a cubic nonlinearity in the polarisation (or Kerr nonlinearity),
which leads to a quartic term of the form 41?4 in the electric field in the Hamiltonian. Referring
back to the Hamiltonian for the transmon qubit (7.45), we see that the transmon also has a
term of this quartic form which describes the nonlinearity of its energy levels, so we suspect
that the physics might be similar. Bistability due to the presence of a purely dispersive medium
(with no absorption or gain) is referred to as dispersive optical bistability.
The master equation for the driven transmon-resonator circuit QED system is given by
p=Lp= - [H.p) + xaDlalp + Dby, (81)
where the Hamiltonian H is given by (7.75); in the interaction picture, the Hamiltonian becomes
that given in (7.76). In order to obtain a dimensionless master equation we divide (8.1) through

by x,, obtaining

d H A
— p=-i|—,p|+D[a D[b]p, 8.
i)’ 1[5+ Dldle + EDlilp (82
with
Ho B0y, A0 Babyry T0chipips 9 (ap7 4 aTh)+ & (a+aT), (83)
hx, kg Ka 8 K, Kg Ka

where we have defined the ratio £ = x;,/x,, and the detunings Aw = Aw, and Awy, = Aw, —

Awb.

97



98 CIRCUIT QED III: DISPERSIVE OPTICAL BISTABILITY

8.1 Semiclassical analysis

From (8.2) and (8.3), and using

R .
> (A) =tr (Ap) , (8.4)
we have

2 4y = i€ — inw(a) — ig() - L) (8.59)
5 a)=-1& —1Aw ig > aj, -53
0 1

= (") = i€ +ida(a’) +ig(b') - 2{a'), (8.5b)
0 ,x . i PPN 1. .

= (B) = -i(80 - Awg)(B) + 0o (b70D) - ig(a) - E(b), (850)
25 =180 Aoy (B7) ~ Lclb8) +igla) - TEb), (8.5)

where we have written the parameters Aw, Awgp, g, and w, in units of k,, and ¢ in units of
ko' (we do this simply to avoid the notation becoming too unwieldy).

Following Drummond and Walls [3], we define the mean-field amplitudes,
a={(a)y, a*=(a), B=(b), p*=(b"). (8.6)

In the semiclassical approximation, the correlation functions factorise, and we obtain the
equations of motion,
o -i€ - iAwa —igf - j«
a* _ i€ +iAwa™ +igp* —3a* . (8)
ot ﬂ _i(Aw_Awab)ﬁ"—iiwcﬁ*ﬂﬁ_ig“_%&ﬂ

B [i(Aw—Awa)B* — itw p B B+ iga” - 17

The steady state mean-field amplitudes can be obtained by setting the derivatives on the left-
hand side of (8.7) equal to zero. In the case of zero relative detuning between the transmon

and cavity, that is when Aw,;, = 0, computing these steady states yields
2.2 2| Lez (L 2 2
g lal” = BI7| =& + |- |fl" - Aw] |, (8.8)
4 4
and

Aw EAw > [ Aw? wCAw 2
- 8P [( P ) (2 e )] (89)

Using the above relations we can solve for, and plot examples of, the mean-field amplitudes |«|

, as seen in Fig. 8.1. The “s-shaped” curves suggest dispersive optical bistability [3], but a

linearised stability analysis around the steady state will be necessary to confirm this.
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FIGURE 8.1: Steady state mean-field amplitudes as a function of £, with parameters g/x, = 350,
wefKka =4500, Aw = —g/2, Aw,p, = 0, and & = 1. The full curves show steady states with stable
eigenvalues, while the dotted curves show steady states with unstable eigenvalues.

Suppose we have an equation of the form

X Ex0), (8.10)

which has a stationary point at xo, such that

F(xq,t) =0. (8.11)
The best linear approximation to the equation (8.10) at the point x is given by

% = Jr(x0,t)(x —X0), (8.12)

where Jg is the Jacobian of F evaluated at xo. Here, we consider the stationary points given by

the steady-state solutions of the equations of motion (8.7),

X = (oc,oc*,/iﬁ*)ssT. (8.13)

The equations of motion for the mean-field amplitudes (8.7) lead to the Jacobian

—-iAw -3 0 —ig 0
0 iAw -3 0 i
Je = . o 0 ks 1 . J 5 (8.14)
—ig 0 —iAw+is0pp -3 ijwp
0 ig ~ifwp*? iAo~ ijwcff -3

For the steady state solutions to be stable, all eigenvalues of Jg must be negative [5]. We know

that the determinant and trace of a matrix A can be written in terms of its eigenvalues A; as

tr(A) = > 1;, and det(A) =[], (8.15)
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respectively. Therefore to have stable eigenvalues we must have

tr(Jg) <0, (8.16a)
det(Jg) > 0. (8.16b)

The relation for the trace is always satisfied, as £ > 0. It turns out that the determinant of the
Jacobian is a function of |8[?, so we can calculate it numerically without too much trouble.
Figure 8.1 indicates which solutions for |«| and |f3| are stable or unstable according to this

eigenvalue analysis.

8.1.1 Scaled equations of motion

In order to reduce the size of the parameter space we have to consider, we make a transformation

of the equations of motion (8.7). We define the scaling parameter

ne=?, (8.17)
X

~ 1
Ezns_%é', a=ns 2o, P=ng 2. (8.18)

Carmichael [6, 7] refers to this type of transformation as a “system size transformation’, but
here we make no attempt to prove that the parameter n, represents the size of the system. In

similar fashion to (8.7), we obtain the equations of motion for the scaled variables

& -i€ —iAwa - if - k&
o |a i€ +iAwa* +if* - ka*
e P (8.19)
t| B —i(Aw — Awgp) S —ia +ip* BB — Exf
B*| [i(Aw - Awgy)f* +ia* —if*p* B - Exfp*

where « = x,/2 and & = k/x,, and where we have written £, Aw, Aw,;, and « in units of g,
and ¢ in units of g~'. Setting the time-derivatives in (8.19) equal to zero, we obtain the steady

state results

af? = B[4 + (20 - Bwa) - \/;\2)2] , (8.20)
and

€F = 3] [(Aw(Aa) - Baogs) - Ao B - &2 -1)’

+ (K(Aw —Awgy) + EkAw -k ‘/3|2)2] . (8.21)
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FIGURE 8.2: (a) Steady state mean-field amplitudes as a function of |<‘:' , with parameters, Aw/g =
-1/2, Awg, = 0, x/g =1/50, and & = 1. The full curves show steady states with stable eigenvalues,
while the dotted curves show steady states with unstable eigenvalues. (b) Within the shaded
region, our linearised stability analysis yields unstable eigenvalues: this is the “bistable” region.
Outside the shaded region, the mean-field amplitudes as functions of |€ | and Aw are single-
valued. Parameters are x = 1/25, and £ = 1. In both figures, all parameters are written in units
of g.

The equations of motion (8.19) furthermore lead to the Jacobian

—iAw -« 0 —-i 0
B 0 iAw -« 0 i
=t 0 —i(Aw - Awgy) +2if*f - & iB? ’
0 i -ig*’ i(Aw — Awgy) — 2ip* - Ex

(8.22)

which we use to performed a linearised stability analysis for the scaled system. As x > 0 and
&> 0, (8.16a) is satisfied, so we can search for stable solutions satisfying (8.16b) numerically.
Example calculations are shown in Fig. 8.2a. We also use our linearised stability analysis to

plot a region in parameter space in which bistability occurs; this is shown in Fig. 8.2b.
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Parameter Value

g/xa 25
Aw/x, -g/2
Awab 0
ek, 100
& 1

TABLE 8.1: Parameters used in various quantum-mechanical calculations relating to the circuit
QED system.

8.2 Quantum treatment

In the semiclassical approximation, the circuit QED system displays dispersive optical bistability.
The question now is whether or not the quantum fluctuations in the system will be large enough
to destroy the bimodality by causing transitions between the two stable branches. To answer
this question, we must investigate the full quantum dynamics of the system.

The parameters Aw/g = -1/2, Aw,p, = 0, k/g =1/50, and & = 1 used in Fig. 8.2a, along with
the choice of scaling parameter n; = g/x = 1, correspond to the parameters in table 8.1. These
parameters will be used for several quantum-mechanical calculations relating to bistability in
the circuit QED system.

The steady state solution of the master equation (8.2) can be found in a straightforward
manner using the technique we have employed for many calculations throughout this thesis:
finding the kernel of the Liouvillian super-operator. This allows us to compute steady-state
properties of the system, such as the field amplitudes shown in Fig. 8.3. The stable branches
yielded by the semiclassical analysis do not carry over into the quantum treatment: they are
now only metastable due to quantum fluctuations. Solving for the steady state of the master
equation yields the true steady state in the presence of quantum fluctuations, which is why
there is no suggestion in Fig. 8.3 of the two stable branches seen in Figs. 8.1 and 8.2a.

The Q-function [8] is defined as

Q@) = ~ {alplo) (5.9

where |«) is a coherent state; the Q-function is thus the diagonal matrix elements of the density
operator in a pure coherent state. The Q-function is a quasi-probability distribution which can
be used to visualise a quantum state. It is well-behaved: because the density operator p is a
positive operator, the Q-function is always positive; it is also bounded, Q(«) < 1/7.

The Q-function is used, in Fig. 8.4, to visualise the steady state solutions of the master
equation (8.2), for four different values of the driving field strength. The Q-functions at £/x, =
5.0 and E/x, = 9.0 possess a single peak, corresponding to a single stable state. However
at intermediate driving strengths, £/x, = 6.5 and £/x, = 7.5, a bimodality arises in the
quasi-probability distribution, indicating two metastable states as we would expect from our

semiclassical analysis.
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FIGURE 8.3: Steady state field amplitudes as a function of £, with dimensionless parameters
listed in table 8.1. The cavity mode Fock space is truncated at the 29-photon level, while the
transmon is truncated at the 4-excitation level; the overall Hilbert space is 150-dimensional.

Jm{a}

0 3 6 -6 -3 0 3 6

Re{a} Re{a}
(@) E/x, =5.0 (b) E/x, = 6.5

) -3

Jm{a}

66 =3 0 3 6 6 =3 0 3 6
Re{a} Re{a}
(©)Elxa=75 (d) €[k, =9.0

FIGURE 8.4: Q-functions, computed from steady state solutions of the master equation (8.2),
using the parameters in table 8.1. Contour lines are plotted at Q(a) = 0,0.2,0.4,...,0.14.
The cavity mode is truncated at the 29-photon level, while the transmon is truncated at the

4-excitation level.
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8.2.1 Jump trajectories

Due to the quantum fluctuations present in the master equation treatment, the system state
is able to “tunnel” between the two metastable states. Suppose we were to select one of the
parameter regimes depicted in Fig. 8.4 where the bimodality is present, and perform an
experiment wherein we continuously monitor the light output from the transmission line
resonator. In this case, we should be able to observe the system switching between a low-output
and a high-output state, corresponding to the “tunnelling” between the two metastable states of
the system. We cannot observe this process using the master equation: if we were to calculate
some quantity such as (@"@(t)) using the master equation, we would simply obtain a mean
somewhere between the two metastable states, as we did in Fig. 8.3. This is because the master
equation constitutes a statistical average over all the possible trajectories of the quantum state.
In order to observe the system switching between its two metastable states, we must appeal to
quantum trajectory theory (section 2.4).

The master equation (8.2) has dissipators D[d]p and ED[b]p, for the damping of the
resonator mode and the relaxation of the transmon excitations respectively. These dissipators

lead to two ]ump Operators
ja:&) jb:\/gl;a (824)

corresponding to direct detection of photons from the resonator and the transmon.' The non-
Hermitian effective Hamiltonian, which generates the coherent evolution of the unnormalised

conditioned wavefunction |¥.(t)) between jumps, is therefore given by

S DU
Hegr = H = ih=(Jija + jyJb) (8.25)

where the system Hamiltonian H is given by (8.3). By applying the Monte Carlo algorithm
outlined in section 2.4.4, and using RK4 integration between the jumps, we obtain the quantum
trajectory simulations of the mean photon number (4"@) shown in Fig. 8.5. Note the visible
switching, at driving strengths £/x, = 6.5 and £/, = 7.5, between the states with low and
high mean photon numbers. The noise in the high mean photon number state is simply shot

noise.

8.2.2 Heterodyne current records

We seek an unravelling of the master equation (8.2) which models the type of measurement
made in optical heterodyne detection. Consider the schematic “experiment” depicted in Fig.

8.6, in which the light output from the transmission line resonator interferes with a coherent

'If the photons are not actually detected, in the case of the transmon for example, the jump operators remain
the same. The Lindblad master equation is Markovian, so photons emitted into the environment by relaxation of
the transmon levels will not affect the evolution of the system after their emission; they can thus, in principle, be
detected at any time without changing the state of the system.
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FIGURE 8.5: Monte Carlo simulations of quantum trajectories with photoelectron counting,
computed using the parameters in table 8.1. The mean photon number in the transmission
line resonator is shown for four driving field strengths. The cavity mode is truncated at the
29-photon level, while the transmon is truncated at the 4-excitation level.

local oscillator field. The local oscillator field has complex amplitude
Elo = |E1o] €. (8.26)

In this situation, the transmon levels relax as usual; this is taken into account by way of the

jump operator

i =\, (8.27)

just as in the case of the jump trajectory. If the photons from the resonator were to be directly

detected, we would have the jump operator

(8.28)

[,
a
I
Q)
M

however in this case the cavity output is not observed directly, but is rather measured using

heterodyne detection. In place of the single jump operator j, we now have - taking into account
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FIGURE 8.6: Schematic depiction of optical heterodyne detection. A strong local oscillator field
is superposed on the output from the transmission line resonator at a 50/50 beam splitter.

the two detectors and the 50/50 beam splitter shown in Fig. 8.6 — two jump operators [9],

, 1 1
]+_\/§ \/5

1 1
A_:_EO_Aa _

The non-Hermitian Hamiltonian which generates the coherent evolution of |\¥,(t)) between

(510 + ja) = (|glo| eiG + ja) > (8.29a)

(€0l € - ja). (8.20b)

jumps is therefore given by

Heg=H - 1h5(ﬂlj+ + 7 i+ )

R
:H—1hz(]2]a+]£]b+|510|2). (8.30)

We may neglect the term —ih3 |<5'10|2, as it has no effect on the normalised conditioned state [9].

In the case of homodyne detection, which we do not consider in detail here, the phase 0
of the local oscillator is constant. Under heterodyne detection, the local oscillator phase is
time-dependent, 6(t), and varies rapidly at a rate Q) > 1 (not to be confused with the Rabi

frequency). Thus, we have

. 1 i .

J+ = ﬁ(|510| e i +7a)s (8.31a)

. 1 i .

J-= ﬁ(|glo| e i —ja)» (8.31b)
with 6(0) = 0.

We have the jump operators j. from (8.31), as well as jj; the corresponding probabilities

for a jump to occur in the interval [¢, t + At) are given by

]jf: Y. (1))At, (8.32)

Pei = (Ye(t)

for i = +, b. We have, broadly, two different types of “jump”: those due to relaxation of the

transmon levels jj,, and heterodyne-type detections j.. From the integration kernel (2.77) of
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the quantum trajectory we see that we can divide up the time-evolution of the conditioned
state into intervals delineated by jumps in the transmon state, j;. In between the jumps due to
7> we have evolution generated by H.g as well as heterodyne detections.

A derivation of the stochastic Schrodinger equation (SSE) for heterodyne detection® has
been given by Carmichael [9]. We will not repeat the derivation here, as it is lengthy; instead
we refer the reader to the literature. In our notation, the SSE for heterodyne detection is given
by

_ 1 . _
d|¥.(t)) = I:EHeﬁ'dt +(Gel&o|) e, dq] |‘I’c(t)> , (8.332)
i
with the charge dg deposited in the detector circuit in the interval ¢ to ¢ + d¢ given by
dg = Gel|&o [(e7 1T + ¥ ja)(¢) de +dW ()], (8.33b)

where G is the detector gain and e is the electronic charge; dW (¢) is an infinitesimal Wiener

increment [14] satisfying
E[dW(t)] =0, dW(¢)*=dt. (8.34)

All we really know about the rate ) is that it is large. Assuming that it is very large
compared with the bandwidth of the source-field fluctuations, we define the slowly-varying

charge increment

dg = e¥dq, (8.35)

and neglect the rapidly-oscillating term ¥’ (j,) that appears on the right-hand side of (8.33b).

We also make the substitution
eMAW (1) - dz(1), (8.36)

where
1
V2

is a complex-valued Wiener increment with covariances

dZ(t) = —= [dWi(2) +idW,(1)] (8.37)

dz(t)dz(t) =dz*(t)dZz*(t) =0, dz*(t)dZ(¢)=dt, (8.38)

and dW,(t) and dW,,(t) are statistically independent real-valued Wiener increments with

*For related work on homodyne trajectories, see Wiseman and Milburn [10, 11] and Carmichael [12]. Wiseman
[13] also considers homodyne and heterodyne detection in the context of quantum trajectory theory.
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FIGURE 8.7: (a) Monte Carlo simulation of a quantum trajectory with photoelectron counting
for the transmon, and heterodyne current records for the transmission line resonator, computed
using the parameters in table 8.1, with £/x, = 7.5. The cavity mode is truncated at the 29-
photon level, while the transmon is truncated at the 4-excitation level. The trajectory shown
was integrated for a total time 25x, . (b) The filtered heterodyne current record obtained from
the same simulation, performed with parameters G |€}o| /x, = 1and 7,7 /x, = 0.25.

covariances

AW, (£)dWy (1) = dW, (£)dW, (1) = dt, dW,(t)dW,(t) = 0. (8.39)
Substituting in d§ and dZ, we obtain the new SSE for heterodyne detection,

d¥.(0)) = | o Hndt + (Gel&i) o | [9:(0) (5.40)
with

dg = Ge|&ol [(jh) (1) dt+dz(1)] . (8.41)
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FIGURE 8.8: (a) Monte Carlo simulation of a quantum trajectory with photoelectron counting
for the transmon, and heterodyne current records for the transmission line resonator. (b) The
filtered heterodyne current record obtained from the same simulation. All parameters are the
same as those used in Fig. 8.8.

The stochastic Schrodinger equation (8.40) defines the evolution between quantum jumps due
to relaxation of the transmon levels, j,. We also define the filtered heterodyne current i(t),

which satisfies the stochastic differential equation

di = —747(idt - dg), (8.42)

!is the detection bandwidth. Heterodyne detection provides us, by way of the

where 7,4
complex-valued heterodyne current i(¢), with a measurement of the complex amplitude of the
resonator field. In the presence of shot noise dZ, the detection bandwidth 7,; ! has a substantial
effect on the measurement [15].

We perform quantum trajectory simulations, using the stochastic Schrodinger equation

(8.40) to generate the evolution between jumps due to j,. The SSE is integrated using the Euler
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method, and we use pseudorandom numbers to generate dZ. Of course, ¢ is replaced with «,t
throughout due to our use of the dimensionless master equation (8.2). An example trajectory
is shown in Fig. 8.7a, and the corresponding time series of the filtered heterodyne current
is shown in Fig. 8.7b; a second example is shown in Fig. 8.8. Due to the time-consuming
Euler numerical integration we have used in these simulations, the time-scale on which we are
able to examine the dynamics of the system is much shorter than that required to clearly see
the bimodality in the cavity field. As such, this avenue of investigation remains inconclusive.
A clear direction for future investigation is to perform further Monte Carlo simulations of
heterodyne current records, or alternatively to implement a higher-order integration method

to make simulations on longer time scales numerically tractable.

8.3 Summary

Our semiclassical treatment of the driven transmon-resonator circuit QED system established
that, in the semiclassical approximation, the system displays dispersive optical bistability.
Inclusion of the quantum fluctuations bears out this conclusion: the Q-functions displayed
in Fig. 8.4 demonstrate the bimodality of the cavity field, as do our Monte Carlo simulations
of quantum trajectories with photoelectron counting. Figure 8.5, which was obtained from
these simulations, shows the mean photon number in the resonator alternating between two
metastable states. Our Monte Carlo simulations of quantum trajectories with heterodyne
current records, the results of which are shown in Figs. 8.7 and 8.8, remain inconclusive due to

numerical constraints.
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Conclusion

In this thesis we have investigated two new directions in cavity quantum electrodynamics:

two-mode cavity QED, and circuit QED. We shall summarise our work in each area separately.

Two-mode cavity QED

We have investigated the dynamics of a cavity QED system in which two optical cavity modes
with orthogonal linear polarisations interact with a single atom, viaan F = 3 < F' = 4
transition. We took into account the full atomic level structure for this transition, including
the Zeeman energy shift.

We found that in a certain parameter regime, a semiclassical treatment of the driven mode
of the cavity was a good approximation. Treating the driven mode as a complex number reduces
the dimensionality of the system Hilbert space, making numerical analysis more tractable. We
used numerical integration of the master equation derived from this semiclassical model, along
with a standard quantum regression formula, to compute second-order photon correlation
functions for the non-driven mode of the cavity. We found that the system displayed quantum
beats: interference fringes in the second-order photon correlation function caused by the
Larmor precession of the atom in an applied magnetic field. We also extended our treatment of
the two-mode cavity QED system to allow for motion of a single atom through the cavity, and
performed calculations showing the effect of this motion on the quantum beats.

We simulated the strong driving behaviour of this system, and found that the mean photon
number in the non-driven mode of the cavity began to decrease beyond a certain threshold
driving field strength. We explained this behaviour qualitatively by way of an analogy to a
simple model derived from the Jaynes-Cummings Hamiltonian, involving a two-level atom in
a single-mode cavity.

Currently, our work on two-mode cavity QED considers only a single atom interacting
with the modes of a cavity. Future work might include an extension of our model to simulate

the behaviour of an atomic beam, including multi-atom effects.

Circuit QED

We investigated the emerging field of circuit quantum electrodynamics: an implementation
of cavity QED in a superconducting circuit. We considered a specific circuit QED system

consisting of a transmission line cavity coupled to a superconducting charge qubit, and starting
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from the basic principles of quantum mechanics and electrical circuit theory, we developed the
background physics of this circuit QED system.

In the circuit QED system we investigated, the cavity consists of a superconducting wire
placed between two ground plates; gaps in the wire are the “mirrors” that define a microwave
cavity. The electric fields of the transmission line are coupled to a Josephson charge qubit
known as a transmon, which behaves in many ways more similarly to an anharmonic oscillator
than a pure qubit. We derived a Hamiltonian for the transmon and considered the nature of
its coupling to the transmission line resonator, making connections to the Jaynes-Cummings
model of cavity QED. Damping of the circuit QED system was introduced by way of the
Lindblad master equation.

As an application of the theory we developed, we investigated dispersive optical bistability
in our model of the circuit QED system. A semiclassical treatment, along with a linearised
stability analysis, was the first step: this analysis was indicative of optical bistability. We went
on to carry out a full quantum treatment, plotting Q-functions to visualise the bimodality of
the resonator field. We performed Monte Carlo simulations based on a quantum trajectory
unravelling of the master equation. These simulations demonstrated the expected “tunnelling”
between metastable states due to quantum fluctuations, confirming optical bistability in the
circuit QED system.

As our work on heterodyne measurement of the circuit QED system remains inconclusive,
an obvious avenue of future investigation would be to perform further Monte Carlo simulations
of heterodyne current records. Based on our other investigations of dispersive optical bistability
in the circuit QED system, we would expect to see further evidence of bimodality in the

resonator field.



Appendix A

Quantisation of the LC oscillator

An LC circuit, consisting of an inductor L and a capactior C, forms an electrical harmonic
oscillator, which can be described quantum-mechanically. We will now outline the quantisation
of the LC oscillator, which is analogous to the usual harmonic oscillator quantisation procedure:
see, for example, Sakurai [1].
For a lossless parallel LC circuit, such as that depicted in Fig. A.1, the potential differences
V across the capacitor and inductor are equal, giving
Q_ dJ

v-2_1Y A
c  dr (A1)

where ] is the current passing through the inductor. The current passing through the capacitor
is Q = —J. The sign conventions for the voltage and current are as displayed in Fig. A.1.
The energy stored in the capacitor is Hc = 1CV?, while the energy stored in the inductor is

Hp = 1LJ*. Hence, the Hamiltonian for the LC oscillator is given by
H=Ltcv2ilrp (A.2)
2 27 '

The charge stored in the capacitor is given by Q = CV, and the flux stored in the inductor is

@ = LJ. Thus, the Hamiltonian can be written

Q2 (DZ
H=" 4+ . A.
2C " 2L (A3)
Differentiating (A.3), we find
oH Q dj .
==L =-® A.
Q C dr (A-42)
o0H @ .
o2 _7=20. A.4b
0" I J=-Q (A.4b)

Equations (A.4) are Hamilton’s equations with generalised coordinate @ and canonical con-
jugate momentum Q. Because these variables are canonical conjugates, when we replace the

classical variables with their corresponding operators, we obtain the commutator

[®,Q] =ih. (As)
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vitL —c

FIGURE A.1: A parallel LC circuit.

The Hamiltonian for a particle moving in a harmonic potential is given by

2 )
mw*x
P,

2m 2

(A.6)

Comparison with (A.3) gives us the analogous quantities for the LC oscillator system: m < C

and w < 1/v/LC. We define photon annihilation and creation operators

(®+iZyQ), (A.7a)

at = (®-iZ0Q), (A.7b)

where Zy = \/L/C is the on-resonance impedance of the oscillator. It is easily verified that

these operators have the required commutation relation
[4,4"] =1. (A.8)

It is also simple to show that the LC oscillator Hamiltonian (A.3) can be written

1
H-ho(dfass), (A.9)
where w = 1/\/LC.
There is of course a symmetry between the canonical coordinates: we can arrange the sign
conventions in the circuit such that the commutator comes out as [(iD, Q] = —ih, giving x < Q

and p <> @, but the results are all the same. For further information see, for example, Devoret

[2].
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Appendix B

Theory of superconductivity & the Josephson effect

This chapter contains a brief review of the basic theory of superconductivity necessary to under-
stand the content of chapters 6-8. We review the microscopic BCS theory of superconductivity
[1-3], as well as the Ginzburg-Landau theory [4]. For further reading on superconductivity,
see Tinkham [5], Fossheim and Sudbe [6], Atland and Simons [7].

B.1 BCS theory

Here we briefly describe the microscopic theory of superconductivity, without going into any
great mathematical detail. This theory, originally developed by Bardeen, Cooper and Schrieffer
[1-3], describes superconductivity as a consequence of the formation of Cooper pairs. A Cooper
pair is a pair of electrons bound together in a particular manner first described by Cooper
[1], who showed that a weak attractive interaction between the electrons can cause pairs of
electrons to form bound states. To see how this binding comes about, one may refer to, for
example, Tinkham [8].

To see how the phenomenon of superconductivity arises as a result of such pairing, we
follow the treatments of Tinkham [9] and Atland and Simons [10]. We adopt a model based on

the so-called pairing Hamiltonian,

H =3 ek + p, Viabp, ¢y ey (B.)
ko kl
which should be interpreted as describing the physics of a thin shell of states centred around
the Fermi surface, comprising electrons paired as (k 1, —k | ). The creation operator EIZT creates
an electron of momentum k and spin up. The number operator is given by 1y, = CA]L; (ko> Where
o labels the spin index.

The Fermi sea is unstable against the formation of a bound Cooper pair. As more Cooper
pairs condense, the state of the system will eventually become so greatly changed that the
binding energy for an additional pair will go to zero, and the system will reach an equilibrium.
We assume therefore that the so-called BCS ground state |y¢), which describes the state of
the system at this equilibrium point, contains a macroscopic number of Cooper pairs. Thus,

operators such as ¢_g| ¢y have nonzero expectation values in |y ), and we define

bi = (yeléwéilye) s by = (vl Gy lva) - (B.2)
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We substitute

é—kiékT = bk + 6—klékT - bk (B.3)
| —
small

and its Hermitian conjugate into the pairing Hamiltonian (B.1), neglecting quantities bilinear in
the small fluctuation term. Adding in a chemical potential term, which is equivalent to taking

the zero of kinetic energy to be at the level of the Fermi surface, gives the model Hamiltonian

Hy = H=uN » Y &g + 3 Via (&, b+ bé oy ény — bichr) (B.4)
ko kl

where & = e — g and N is the total particle-number operator. Furthermore, we can define
A== Viabr, (B.5)
1
and substitute (B.5) into (B.4) to obtain
Hy =Y &> ¢ beo— (Awef Ty, + Aéiii s — Axby) (B.6)
M k Cko Cko kaTC—kl k €-k| €kt kOk . .
K o

The Hamiltonian (B.6) may be diagonalised by a suitable unitary transformation,' which in-
volves the definition of new Fermi operators dy,. The creation operators éclt , Create elementary
excitations known as Bogoliubov quasi-particles; the corresponding quasi-particle annihilation

operators annihilate the BCS ground state. This diagonalisation yields the transformed model

Hamiltonian

Hy = kz by bneo + gkj (& — M + Arby) s (B.7)
where

e = (a2 + )72 (B.8)

The second term in (B.7) is a constant, while the first gives the increase in energy above the
ground state in terms of the number operators dlt » Ko for the Bogoliubov quasi-particles. The
energy of an elementary excitation of momentum #k is Ay, given by (B.8). As such, A plays
the role of an energy gap — a minimum excitation energy - since even at the surface of the Fermi
sphere, where & = 0, the excitation energy Ax = |Ax| > 0. It is easy enough to determine the
temperature-dependence of the energy gap A(T), but in the interest of brevity we shall not do
so here. If the energy gap is larger than the thermal energy of the lattice, the Cooper pair fluid
is not scattered by the lattice and can flow without dissipation, resulting in superconductivity.

The critical temperature T, is the temperature at which the energy gap A(T) — 0. In this

case, Ax — |&k| and the excitation spectrum is the same as in the normal, non-superconducting

'See Bogoliubov [11, 12], Valatin [13], or Tinkham [14] and references therein.
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state. Values for the critical temperature derived using the BCS theory of superconductivity
have been closely verified by experiment [15].

Not all superconductors are thought to be described by the microscopic BCS theory. BCS
theory places an upper limit on the critical temperature T, of about 30 K, but in 1986 the first
high-T, superconductor was discovered [16]. High- T, superconductors possess critical tem-
peratures far exceeding 30 K. The mechanism underlying high-temperature superconductivity

remains unknown.

B.2 Ginzburg-Landau theory

The microscopic BCS theory treated in section B.1 is a highly successful theory in those cases
where it is applicable, that is, those in which the energy gap A is constant in space. The Ginzburg-
Landau (GL) theory is a more macroscopic theory of superconductivity which is useful in
situations where the BCS theory becomes cumbersome [4]. The theory was originally proposed
as having a phenomenological foundation: a pseudowavefunction y(r) was introduced as
a complex order parameter, with |y(r)|* originally thought to represent the local density of
superconducting electrons, p,(r).

Gor’kov subsequently showed that the GL theory was derivable as a limiting case of the
microscopic theory, generalised to the spatially inhomogeneous regime [17]. It turns out that

y(r) is directly proportional to the gap parameter A(r).?

B.2.1 The phenomenological approach

The basic postulate of the phenomenological GL theory is that near the superconducting
transition (that is, near T), and for small y that varies slowly in space, the free energy F of the

superconductor has the form (in SI units)

B

B.
200 (B.9)

_ 2 ﬁ 4 1 . / 2
F=F,+aly| +5|1//| +2—ml‘(—1hv—eA)1//‘ +
where F,, is the free energy in the normal phase (absent any magnetic fields), A is the electro-
magnetic vector potential, and B = V x A [19, 20]. The term |B|2 /2po represents the magnetic
field energy in the vacuum. The values of the mass m’ and charge e’ were not initially known.

In the absence of any external fields or gradients in v, from (B.9) we have
_ 2 B
F-F,=aly] + 5 lv]®, (B.10)

from which we can tell that in order for the free energy to have a minimum for finite y,
must always be positive. On the other hand, « can be either positive or negative. If & > 0, the
minimum free energy occurs at |[y|* = 0, corresponding to the normal, non-superconducting

state. If « < 0, corresponding to the superconducting state, the minimum occurs when

*For an accessible microscopic derivation of the Ginzburg-Landau differential equations, using Green’s func-
tions, see Fetter and Walecka [18].
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WP = [Woo|* = —a/B. Here yo, represents the order parameter infinitely deep within the
superconductor, where it is screened from any surface fields or currents. Thus, a(T) must
change from positive to negative at the critical temperature 7.

The parameters e’ and m’ respectively represent the charge and mass of the superconducting
charge carriers. From the microscopic pairing theory of superconductivity, we now know that
the charge carriers are Cooper pairs, with charge e’ = 2e. The effective mass can be taken to be
m' =2m.

We would also like to define the density of superconducting charge carriers p; = 3ps = |1//|2
where p; as before is the density of superconducting electrons, but in real metals, the situation
can be substantially more complicated, and fixing m’ = 2m sometimes means that p. can no
longer be interpreted as a particle density. It is conventional, however, to simply take m’ = 2m
without worrying about the details of real metals and dirty superconductors; see Tinkham [21]

for details.

B.2.2 The Ginzburg-Landau differential equations

When external fields or currents are imposed on the superconductor, y(r) = |y(r)|e!?(™ and
the vector potential A(r) adjust themselves to minimise the overall free energy. As such, we
must minimise the total free energy with respect to both of the parameters mentioned above.

Using the free energy F from (B.9), we set
F = / Fdr, (B.11)

where the integration runs over the volume of the superconductor, and vary y(r) by dy(r)

and A(r) by A(r). The variation in the free energy is thus given by

OF = / dr{&/x* [(xt// + Byl v+ ﬁ (-ihv - e’A)2 1//] + c.c.}

1 . (s /
+fdr 5A.{%vx3_z;, [v (—1hV—eA)1//+c.c.]}, (B.12)

where it has been assumed that no current passes through the boundary, giving the boundary

condition
(-irV —e'A)y|. =0, (B.13)

and where surface contributions have been neglected, and integration by parts has been per-
formed. Setting §F = 0, and using Maxwell’s equation V x B = o] (with negligible displace-

ment current, for example when E = 0) we obtain from (B.12) the Ginzburg-Landau differential
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equations:
1 /
ay+ Byl y+ 3 (<ihv - <'A) y =0, (B.14)
I —ih Ty wey) - S A (B.15)
- Zm’ 11[/ 11[/ ll/ 1// m/ 11[/ * ° 5

For more details of the above calculation, see Fossheim and Sudbe [6], de Gennes [22], or
Landau et al. [23].

The first Ginzburg-Landau equation (B.14) has a form similar to the time-independent
Schrédinger equation for a particle of mass m’ and charge e’ in an electromagnetic field,
aside from the nonlinear term; the second equation (B.15) is the usual quantum-mechanical
expression for a current of such particles [24].

Consider the first Ginzburg-Landau equation (B.14). In the simplified case where no fields

are present and as such A = 0, the GL equation (B.14) becomes

h2
VY +ay+Blyly =0, (B.16)
2m

We now write y/(r) = |y(r)| (), and introduce the normalised wavefunction

f@) =y /vl , (B.17)

where | |* = —at/B > 0 in the superconducting state, and thus [yoo| = (|a| / /3)1/ ?. After a few

manipulations, (B.16) becomes

E(T)Vf (1) +f(x) - f(x)’ =0, (B.18)
where
2 _ hz 1

&(T) being a characteristic length known as the Ginzburg-Landau coherence length.

B.3 Flux quantisation

Suppose that some region of a superconductor is in the normal, non-superconducting state.
In order for the order parameter y = || e!? to be single-valued, the phase ¢ must change by
integral multiples of 277 in making a complete circuit of the normal region. More specifically,
the line integral of the gradient V¢ around a closed contour C enclosing the normal domain

must be equal to an integral multiple of 27, that is

95 Ve-ds=2nN, NeZ. (B.20)
c
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In the presence of a magnetic field, this is slightly modified. The magnetic field couples to
the superconducting order parameter via the vector potential A, so as to modify the phase
of the order parameter according to the usual minimal coupling scheme [24]. The resulting
gauge-invariant phase of the order parameter has gradient given by

/

Vo> Ve - %A. (B.21)

The condition for the order parameter to be single-valued now becomes

el
?gc (V(p - EA) -ds =27N. (B.22)

In the case where the region of the superconductor in question would otherwise be in the
superconducting state, and the normal state results entirely from the magnetic flux passing

through the superconductor, we obtain the relation
27
— 95 A-ds=27nN, (B.23)
q)() C

where we have defined the flux quantum, @y = h/2e, and used e’ = 2e. The flux through the

surface S enclosed by the contour C is known as the fluxoid, denoted @, and is given by
(D:/SB-da:/S(VxA)-da. (B.24)
Using Stokes’ theorem, we obtain
= ¢ A-ds=Nay, (B.25)

demonstrating the quantisation of flux. It is clear that @ = 0 for any path which encloses no hole
but only superconducting material. For further reading see Fossheim and Sudbe [25], Tinkham
[26].

B.4 The Josephson effect

The maximum dissipationless supercurrent that a superconductor can support is known as
the critical current J.. Whenever two strongly superconducting electrodes are brought into
contact in such a way that the critical current in the contact region is much lower than that of
the individual constituents, the contact is called a weak link [27, 28].

Josephson [29, 30, 31] predicted in 1962 that such a junction should be able to sustain a
supercurrent without the application of a voltage, and furthermore that if a voltage difference
were to be maintained across the junction, high frequency electromagnetic waves would be
radiated.

The Josephson effect can be described starting from the microscopic pairing theory of

superconductivity. However, we will not do so here. A good description of the microscopic
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theory of the Josephson effect is available in Ketterson and Song [32], and of course in the

original papers [29, 33-35].

B.4.1 DC Josephson effect

As the Josephson effect is a general property of weak links, it can be derived from the Ginzburg-
Landau theory by considering a simple special case. We consider two superconducting elec-
trodes separated by a short, one-dimensional link of length L < ¢, all of the same supercon-
ductor. From (B.18) we know that the one-dimensional GL equation describing the link can be

written as

2L 1@+ 5@ - 2 =0, (B2

We can assume without loss of generality that the massive electrodes are in equilibrium, and
that |f| = 1 in both of them (from the definition of y.,); however the phases of the order
parameters may differ by a phase y. As such, the solution of (B.26) should match the boundary
conditions f = 1atz = 0 and f = e at x = L. As noted by Aslamazov and Larkin [36], so
long as L <« &, the first term in (B.26) dominates due to the fact that it is larger than the other
two terms by a factor which scales with (£/L)? for any nonzero y. In this limit, the problem
reduces to Laplace’s equation in one dimension d?f(z)/dz* = 0, which has general solution
f(z) = A+ Bz. Applying the boundary conditions at both ends of the bridge, we obtain the
solution for the order paramter in the bridge,

e” -1

f(2) =1+

z. (B.27)

Substitution of (B.27) into the one-dimensional version of the Ginzburg-Landau current equa-

tion (B.15), again in the case where no fields are present, gives
J =Jesiny, (B.28)

with the critical current J. given by

e'hlyo|’ A

m’ L

Je = (B-29)

where A is the cross-sectional area of the superconducting link. The relation (B.28) is known
as the DC Josephson current-phase relation; it tells us that a supercurrent is driven across the
weak link separating the two superconductors simply by the difference in the phase of the

superconducting order parameter across the barrier.

B.4.2 AC Josephson effect

Consider a Josephson junction in a magnetic field B = V x A. To derive the form of the AC

Josephson current which arises in the presence of a potential difference across the barrier,
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o}

z

FIGURE B.1: Schematic depiction of a tunnel junction - a type of weak link - in the presence of
a magnetic field.

we need to take into account the role of the vector potential A. Therefore, we need to use a
gauge-invariant form of the phase difference across the junction, which - as we noted in section

B.3 - is given by

2e 2
—A=V¢p-—A. (B.30)

Ve Dy

To obtain the gauge-invariant phase difference between the two sides (“right” and “left”) of the

junction, we integrate from left to right and get

r 2
Yior = fl (w— EOA) ds. (B.31)

Adopting the geometry depicted in Fig. B.1, we consider the case where A = A,(x)Z, which
corresponds to placing the magnetic field B parallel to the contact plane, and pointing along
the y-axis, with B = By (x)y and B, (x) = dA./ox.

On integration of (B.31) we obtain

2 [T
Y= Vor = (9r — 1) - D / Adz, (B.32)
0 Y1

where ¢, and ¢, are fixed phases which exist in the absence of any AC current or applied
voltage.’ For later convenience, we define yo = ¢, — ¢y

Note that in the Coulomb gauge the transverse component of the electric field is given by
Er = —-0A/0dt [37]. Taking the time derivative of (B.32), we find, using E, = —0A,/0t,

d 2n [t 0 2 [T

Zy=-it —Ad:—/Ed

aty q)o/l-atzz Dy J1 =@z
2

:—ﬂVzw], (B.33)
@y

where wj is known as the Josephson frequency. The relation (B.33) demonstrates that the

Josephson junction emits electromagnetic radiation at the Josephson frequency; integrating

*Even though the phases in the two electrodes comprising the junction, and within the junction itself, are not
well defined, we can write the integral of the gradient as the difference between the phases of the endpoints (by the
second fundamental theorem of calculus), and neglect any 27N contribution, which will of course not affect the
order parameter itself.
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F1GURE B.2: Equivalent circuit of the RCSJ] model. The ideal Josephson junction, depicted as a
cross, is described by (B.35).

this relation gives

Y =yo+wjt. (B34)

Substitution of (B.34) into the previously obtained Josephson current relation (B.28) gives
J=Jcsin (yo + wjt) . (B.35)

It is this oscillatory supercurrent which generates the electromagnetic radiation.

B.4.3 The RCSJ model

A physical Josephson junction can be modelled by an idealised description known as the
RCS]J (resistively and capacitively shunted junction) model. In the RCSJ model, the physical
junction is modelled by an ideal junction described by (B.35), shunted by a resistance R; and
a capacitance Cj (the term “shunted” refers to components placed in parallel), as depicted in
Fig. B.2. The resistance R; builds in dissipation* in the finite voltage regime (that is, when a
voltage V is applied across the junction) without affecting the lossless DC regime (zero voltage)
described in (B.28) - see section B.4.1. The capacitance Cj takes into account the geometric
capacitance between the electrodes, rather than the capacitance of the electrodes to ground.

In the RCS] model, the time dependence of the phase y in the presence of an external bias
current J is given by the current through each of the three parallel channels seen in Fig. B.2,
giving

\% dv
]:]CSin)}+R_]+C]E' (B.36)

We already know from (B.33) that in the presence of a potential difference V" across the junction,
y evolves in time according to y = 2V /®y; substitution for V in (B.36) yields a second-order
differential equation for y. We obtain

d

&y ady T
@‘FQ aJrsmy:z, (B.37)

“See Tinkham [38] and references therein for a discussion of why this is the only dissipation term present in
the model.
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FIGURE B.3: The tilted-washboard potential, with J/J. = 0.2.

where we have defined 7 = w,t, with w, - the plasma frequency of the junction - given by

2m], :
=| —— ; B.38
Wp (GDOC]) (B.38)

the quality factor of the junction Q is given by
Q= wpR;Cy. (B.39)

In the case where the junction is dissipationless (or approximately so), we can neglect the
resistor channel in the RCS] equivalent circuit (Fig. B.2) (which is equivalent to letting Ry — o)
causing the terms in (B.36) and (B.37) involving R'and Q7! respectively to drop out. We refer

to this set-up as the capacitively shunted junction, or CS] model.

B.4.4 The tilted-washboard model

The equation of motion (B.37) can be written

@0)2d2y 1((1)0)2dy 0
C(=2) L= (22) Ly, B.
](271 dt2 Ry\2m) dt 9y ) (B.40)
where
_ J
U(y)=-E cosy+]—y , (B.41)
c

and Ej = J.(®g/27) is the Josephson coupling energy.

The form (B.40) is the same as the equation of motion of a particle of effective mass
C;(®o/2m)? moving along the y axis in an effective potential U(y), and subject to a viscous
drag force —R;"'(®o/27)*y. The potential U(y) has the form of a “tilted washboard”, as we see
in Fig. B.3.

The significance of J. is that when ] < ], the potential has local minima in which the
motion of y can be localised, and bound states exist. When ] = J., the local minima become
points of inflection, so that for J > ], no stable equilibrium points and thus no bound states

exist.
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Je = C; L;\é\ = (s Je, Cy Eﬂ

(a) (b) (0)

FIGURE B.4: Three different ways of depicting the CSJ (capacitively shunted junction) model of
a physical Josephson junction.

B.4.5 The Josephson junction as a nonlinear inductor

Taking the time derivative of (B.28) yields

dJ 0
Frin Jc cos ya—):, (B.42)
and combining the above result with (B.33) gives
dJ 27,
—~Z -V B.
i g (B.43)
The time-varying voltage across an inductor with inductance L is given by [39]
dJ
V=-L—, B.
i (B.44)
which then leads to the inductance of the Josephson junction
O 1 D -1/2
Ly = = ° (J2-7) . (B.45)

E]Ccosy T om

As we can see, the Josephson junction behaves as a nonlinear inductor. A capacitively shunted

junction (CSJ) will have a resonant frequency

1/2 5\ 1/4
1 21, J
- - -1 . B.46
w() L;C; (CDOC]) ( IE) (546)

Compare the above with the plasma frequency of the junction w,, from (B.38).

B.5 SQUID devices

B.5.1 The DC SQUID

A DC SQUID (superconducting quantum interference device) employs a geometry with two
Josephson junctions in parallel, forming a loop structure - such a circuit is depicted schemati-

cally in Fig. B.sa. We consider this geometry in the following section.
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In the case where the magnitude of the superconducting order parameter y(r) does not
vary with position, we can write y(r) = |y|e*(™). As such, the Ginzburg-Landau current

relation (B.15) becomes

= % y* (hVg - 2¢A) . (B.47)

We consider a contour inside the two-junction DC SQUID loop, deep enough within the

superconducting material that the supercurrent can be taken to be zero.> Thus, we obtain

Vo -21Dy'A = 0. (B.48)
Integrating around the contour described above, we obtain

y1—y2 = 210" '¢ A-ds= 271(% (mod 27), (B.49)

where y; and y; are the respective phase differences across the two junctions, and @ is the flux
in the DC SQUID loop.
The total current J in the lumped DC SQUID can be written as a sum of the currents across

the junctions 1 and 2, which are taken to have identical critical currents, giving

J=Jcsiny; + ] siny;

s (g Jsin (1275 ) ®50)
=2J.cos | m— | sin T—|. 50
c o Y2 D 5
The relation (B.49) implies that the phases y; and y, cannot both have the value 7/2, which
would give the total current in the lumped circuit element a maximum value of 2J,. In reality,

the relation (B.50) means that the maximum value of ] is given by
Jmax = 2J¢ |cos (1@ /Dy)| . (B.51)

From (B.37), we find that for a resistively shunted junction for which the geometric ca-
pacitance Cj is small so that the quality factor Q <« 1, the equation of motion of the phase
difference across the junction reduces to the first-order differential equation
dy 2e ( J

i ?R]]c ]—C —siny) . (B.52)

Integrating the above equation yields the analytic solution®

y Vo wjot
tan=- = J, + — tan —, B.
J 5 Je 3 5 (B.53)

*This is a reasonable assumption providing the superconducting material forming the junction is thicker than
the penetration depth of the flux into the junction. See Tinkham [40], Fossheim and Sudbe [41].
SFor more information, see Waldram [42, 43].
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(a) (b)

F1GURE B.5: Schematic diagram of (a) a DC SQUID, and (b) a RF SQUID.

where wjg = 21V, /Py, and

Vo=Rp\J?*-J? (B.54)

is the time-averaged voltage across the lumped DC SQUID circuit element. Thus, from (B.51)
and (B.54) we obtain an approximate relation for the average DC voltage across the DC SQUID,

V= SV - [2ecos (/o) (B53)

where R/2 is the resistance of the two resistively shunted junctions in parallel. This relation
tells us that the DC SQUID is a flux-to-voltage transducer.
For more information about the DC SQUID, see Fossheim and Sudbg [44], Tinkham [45],

and references therein.

B.5.2 The RF SQUID

An RF SQUID, depicted schematically in Fig. B.5b, consists of a loop interrupted by a single
Josephson junction. The Josephson element is shorted by the loop when DC current is passed
through the device, so the single-junction SQUID must be monitored using an RF current
coupled into the SQUID loop. For more information about the RF SQUID, and its practical

operation, see Tinkham [46].
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Appendix C

Cooper pair box: analytic solution

The Hamiltonian for the Cooper pair box in the phase basis (section 7.1.1) leads to a time-
independent Schrodinger equation which can be solved analytically. Here we present a brief
derivation of the solutions to this equation, based on the work of Cottet [1] and Koch et al. [2].

From (7.13), the Cooper pair box Hamiltonian in the phase basis is given by

2
H=E, (—i(%—ng) — Ejcosy. (Cy)

Thus, the phase-space energy eigenfunction vy (y) = (y|Ex) and its associated energy Ej. satisfy

the time-independent Schrodinger equation,

9 2
[Ec (—ia—y - ”g) — Ejcos Y] vi(y) = Exyi(y) (C2)

with the periodic boundary condition

vik(y) = yk(y +2m). (C3)

Using the commutation relation [§,#] = i, and proceeding in a manner analogous to the

standard examination of translation in quantum mechanics,' one obtains the equation

exp (iy - dn) |n) = |n + dn) . (C.4)
Because of this relation, we have

exp (—ingp) H(ng) exp (ingp) = H(nig =0). (C.s)
Following Koch et al. [2] and Cottet [4], we therefore introduce the function

v (y) = e " y(y), (C.6)

which satisfies the Schrodinger equation

82 ! ! !
_Eca_sz/k(y) = Ejcos(y)vi(y) = Exvi(y) - (C.7)

'See, for example, Sakurai [3].
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If we define
x = 1 (C.8a)
= 2)} , .
u(x) = yp(2x), (C.8b)
2E;
=2 C.8
9=~ (C.8¢)
4E
a=—%, (C.8d)
E,
we can recast the equation (C.7) in the form
d2
d—xbzl +[a—-2qcos(2x)]u=0, (C.9)

which is the canonical form of Mathieu’s differential equation [5]. The function u(x) is 7-
periodic on x. Mathieu’s differential equation possesses well-known analytic solutions.

The following is adapted from Cottet [4] and Abramowitz and Stegun [6]. For a given
g, there exists a set of special values of a, called characteristic values, which yield the desired
periodic solutions of (C.9). The characteristic values which yield even solutions of Mathieu’s
equation are denoted a(v, q), while those that yield odd solutions are denoted b(v, q).

Floquet’s theorem? tells us that there exist solutions to (C.9) of the form
Fy(x) = " P(x), (C.10)

where v(a, q) is a real parameter (known as the characteristic exponent) and P(x) is a 7r-periodic

function. Similarly,
Fy(-x) = ¢ ™ P(~x) (Cn)
satisfies (C.9) whenever (C.10) does. A further property is

eivmﬂu(x) when u(x) = FV(X)
u(x +mmn) = ) o
e ™" y(x) whenu(x)=F,(-x);

solutions having this property are known as Floquet solutions. Choosing the former Floquet-

type solution above, and back-substituting for y(y), we obtain

Vi) = % exp(ingy) Fy (a,q, g)

1 . v 4Ek 2E] V4
:%exp[1(ng+z)y:|P(EC,—EC,E). (Ca13)

*See Abramowitz and Stegun [6] and references therein.
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The corresponding energy eigenvalues Ej are given by

E

Ex=—a(v,
k=7 a(v,q)
E 2E
= an (v,— Ec]) . (C14)

Expressions for the Floquet solutions F, and the corresponding eigenvalues a are available in
Abramowitz and Stegun [6].
From (C.13), applying the periodic boundary condition (C.3) gives

ng+§ €. (C.15)

As such, for each value of n o only a set of certain discrete values of v, which we will call v
with k € N, are possible. Each value v can be associated to an eigenfunction yy; this can be
done in such a way that Ej increases with k. See Koch et al. [2] and Cottet [4] for appropriate

expressions for vy in terms of k and ng.
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